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LS−



6−
bif−



V









f(x) = b, x ∈ E, b ∈ F,

f

E F

θ(ξ) = β, ξ ∈ M, β ∈ N,

M,N

E, F A :

E → F A

dim(KerA) < ∞ , dim(CokerA) := dim(F/ImA)) < ∞.

dim(KerA)− dim(CokerA)

A ind A



ImA F A

Ker A

E Im A L1 : E1 → E2 L2 : E2 → E3

L2L1 ind(L2L1) =

ind(L1) + ind(L2)

f : U → F

U E
∂f
∂x(x)

x ∈ U

f
∂f
∂x(x)

ind f := ind
∂f

∂x
(x)

∂f
∂x(x) x

f : Ω −→ F

ind f = 0

f(x) = 0, x ∈ Ω,

f : Ω −→ F

V : Ω −→ R f = gradH V

∂V

∂x
(x)h = 〈f(x) , h〉H, ∀x ∈ Ω, h ∈ E

〈·, ·〉H
H f

E F F H E

H V

f

V f Ω

gradH V (x) = 0 x ∈ Ω,



V a ∈ Ω V

∂V

∂x
(a)h = 〈f(a) , h〉H = 0 ∀h ∈ E.

E H

V

V

V

LS−

f : Ω −→ F

a ∈ Ω

k : O(a) −→ F

O(a) a Ω

ϕ = f + k O(a)

U F

f̃ = f · ϕ−1 = I + k̃,



k̃ = −k ·ϕ−1

I + k̃

LS−
ϕ LS− f O(a)

LS−
X ⊂ Ω

f : Ω −→ F

K E O
K F = F1+̇L dimL < ∞

P ·f : O −→ F1 P : F −→ F1 L

O

θ(ξ) = 0, ξ ∈ M,

θ = P · f |M M n−
O P

F f O Im P

M = f−1(Im P )

LS−



E,F f : E −→ F

ind f = 0

E = En+̇E∞−n, F = F n+̇F∞−n,

En F n n E F E∞−n

F∞−n En F n E F

e1, e2, . . . , en En x ∈ E

x = u+ v, u =
n∑

i=1

ξiei, v ∈ E∞−n.

e∗1, e
∗
2, .., e

∗
n F n

f(x) = fn(x) + f (∞−n)(x),

fn(x) =
n∑

j=1

fj(x)e
∗
j , f (∞−n)(x) ∈ F∞−n.

∂f

∂v

(∞−n)

(a) : En −→ F n

a ∈ E f(a) = 0

v = Φ(u) u

O ⊂ En ū Φ(ū) = v̄

ū, v̄ a

f (∞−n)(u+ Φ(u)) = 0 ∀u ∈ O



Φ : O −→ E∞−n

f(x) = 0 x = a

f (n)(u+ Φ(u)) = 0.

τ : En −→ F n

τ(u) = f (n)(u+ Φ(u)),

x = u + Φ(u)

f(x) = 0

θ(ξ) = 0,

θ(ξ) = (θ1(ξ), . . . , θn(ξ))

 ,

θk(ξ) = fk

(
n∑

i=1

ξiei + Φ

(
n∑

i=1

ξiei

))
, fn(x) =

n∑
k=1

fk(x)e
∗
k .

E = En+̇E∞−n F = F n+̇F∞−n

{ej} {e∗k} En F n



H E ⊂ F ⊂ H
En = Ker ∂f

∂x(a)

E∞−n En

E

ξi = 〈x, ei〉, i = 1, . . . , n

〈·, ·〉 H e1, . . . , en

En F n F∞−n = Im ∂f
∂x(a)

fj = 〈f(x), e∗j〉 j = 1, . . . , n e∗1, . . . , e
∗
n

F n

ϕ(ξ) :=
n∑

j=1

ξjej + Φ

(
n∑

i=1

ξiei

)
.

θ(ξ) = P̃ · f(ϕ(ξ)),

P̃ (y) = (〈y, e∗1〉, . . . , 〈y, e∗n〉)


ϕ(ξ) O ⊂ R
n ξ̄

ξ̄j ξ̄j = 〈a, ej〉

a f(x) = 0

a = ϕ(ξ̄) ξ̄

θ(ξ) = 0 dim Ker ∂f
∂x(a) = dim Ker ∂θ

∂ξ (ξ̄)

LS− ψ

f̃(ũ+ ṽ) := f · ψ−1(ũ+ ṽ) = h(ũ, ṽ) + ṽ, ũ ∈ R
n.

θ(ξ) V−
θ̃(ũ) := h(ũ, 0)

∂f̃

∂x̃
=

(
I 0
∂h̃
∂ṽ

∂h̃
∂ũ

)



Ker
∂f̃

∂x̃
(x̃) = Ker

∂h̃

∂ṽ
(x̃),

f : E −→ F

∂f
∂x(a) a ∈ E

E F



f

f

E = En+̇E∞−n, F = F n+̇F∞−n

f(x) = f (n)(u+ v) + f∞−n(u+ v)

f

u ∈ En, v ∈ E∞−n, f (n)(u+ v) ∈ F n, f∞−n(u+ v) ∈ F∞−n.

u ∈ En

f∞−n
u : E∞−n −→ F∞−n, f∞−n

u (v) := f∞−n(u+ v).

u ∈ En

∂fu
∂v

∞−n

(a) : E∞−n −→ F∞−n

u ∈ En, a ∈ E∞−n

Φ : En −→ E∞−n,

a

f(x) = 0

a = ū+ Φ(ū),

ū

τ(u) = 0,



τ(u) := f (n)(u + Φ(u))

f θ ū a = ū + Φ(ū)

f∞−n
u

E∞−n F∞−n

u ∈ En v = Φ(u) ∈ E∞−n

f∞−n(u + Φ(u)) = 0 Φ(u)

f∞−n(u+ v) = 0,

f (n)(u+ v) = 0,

}

V (x) −→ inf, x ∈ Rn,

lim
|x|→∞

V (x) = +∞,

f a ∈ E

a

α(f(x)) α

b = f(a) F



V

∂2V

∂x2
(a)(h, h) > 0 ∀(a, h) ∈ Rn × (Rn \ 0),

V

∂2V

∂x2
(a)(h, h) > 0 ∀(a, h) ∈ Rn × (L \ 0),

L Rn l

W (ξ) −→ inf, ξ ∈ M,

M L Rn

(x, y) =
∑n

i=1 xiyi W

W (ξ) = inf
h∈L

V (ξ + h).

V

ξ + L (∀ ξ ∈ M

ξ + h(ξ) h(ξ)

∂V

∂hj
(ξ + h) = 0, j = 1, . . . , l



h1, . . . , hl h

L

ξ ξ

h1, . . . , hl

W (ξ) = V (ξ + h(ξ))

W

W

ξj, j = 1, . . . ,m = n − l, ξ ∈ M

{f1, . . . , fm} M

ϕ : ξ −→ ξ + h(ξ), h(ξ)

V W



W

V

f : E → F E F

V

E ⊂ F ⊂ H H

E H H

E

E H F H E

H ∂V
∂x (x) = 0

f(x) = 0



f : E −→ F

V L E

N = Lin(e1 . . . en) L = E ∩N⊥

ϕ : ξ 
→
n∑

j=1

ξjej + h(ξ), h(ξ)

f

(
n∑

j=1

ξjej + h

)
= 0 , h ∈ L ,

W (ξ) := inf
h∈L

V

(
n∑

j=1

ξjej + h

)
= V

(
n∑

j=1

ξjej + h(ξ)

)
,

V

ξ ϕ(ξ)

a W : U ⊂ Rn → R

det

(
∂2W

∂x2
(a)

)
�= 0.

a

a

α(f(x)) a

F f = gradHV



V : E → R

E a

V

∂f

∂x
(a)h �= 0 , ∀ h ∈ E\{0}.

a

W : Rn → R.

U ⊂ Rn a

x1, x2, . . . , xn

xi(a) = 0 ∀ i

W (x) = W (a)−
q∑

k=1

x2k +
n∑

k=q+1

x2k U .

q

V

{E,F,H} xo ∈ E V

ϕ : (U , xo) → (O, 0) U O
xo E

V (x) = V (xo) +
1

2

〈∂f
∂x

(xo)y, y
〉
, y = ϕ(x), x ∈ U , f = grad V

〈·, ·〉 H

V

∂2V
∂x2 (a)(h, h).

V



H

K ⊂ H

K

V (x) → ∞ ‖x‖ → ∞,

H

V (x) =
1

2
〈Ax, x〉+ ω(x),

〈·, ·〉 H0

H A

〈·, ·〉 H H0 ω(x)

g(x) := gradω(x) 〈·, ·〉
H H0

H1 H

|x|1 :=
√

〈Ax, x〉,

1

2
〈x, x〉1 + ω̃(x), 〈x, y〉1 := 〈Ax, y〉,

ω̃ H1 ω

H1

gradH1
V (x) = x+ g̃(x), g̃(x) = A−1g(x).



{Pn}
H1 I

x + Png̃(x)

x + g̃(x) H1

x+ Png̃(x) = 0, x ∈ H1 ,

V

En := Im Pn

u+ Png̃(u) = 0, u ∈ En .

WR(u) := V (u), u ∈ En

V

WR

WR

f(x, λ) = b, x ∈ E, b ∈ F, λ ∈ Rk.

f f(x, λ) : U × Rk → F, f(x, 0) = f(x),

λ ∈ Rm f(·, λ)
V (·, λ)



λ = λ0

a

V (x, λ) Ω ⊂ E λ0

ε > 0 λ1, ‖λ1−λ0‖ < ε

V Ω a1, a2

max {‖a1 − a‖ , ‖a2 − a‖} < ε .

λ

λ0

Cr−

f(·, δ) : E → F, δ ∈ Δm ⊂ Rm.

Ω E

Σ(Ω)

f(x, δ) = 0 x ∈ Ω

λ = λ̄

Ω x̄

f(x̄, λ̄) = 0 codim

(
Im

∂f

∂x
(x̄, λ̄)

)
> 0.

Σ̃(Ω)λ̄ Σ(Ω)

λ̄

Σ(x̄, λ̄) =
⋂

Ω: x̄∈Ω
Σ̃(Ω)λ̄

(x̄, λ̄)

f = gradV Σ(x̄, λ̄)

V x̄



V

Ω E V

Ψ ⊂ Ω {p, ϕ,N}

p : Ψ → N N

∂p
∂x(a) : Ta(Ψ) → Tξ(N)

∀ ξ ∈ U = p(Ψ) Vξ = V |p−1(ξ)

ϕ(ξ)

∂2

∂x2
(V |p−1(ξ))(ϕ(ξ))(h, h),

h ∈ Tϕ(ξ)(p
−1(ξ)),

ϕ : U → Ψ

p

W : U → R

W (ξ) = V (ϕ(ξ)), ξ ∈ U ,

ϕ

∀ ξ ∈ N ϕ(ξ)

Vp−1(ξ)

W (ξ) = inf
x:p(x)=ξ

V (x) = V (ϕ(ξ)).



{p, ϕ,N}
V Ω

M ϕ

W V

Vξ = V |p−1(ξ)

f : U → F V U
E E F

E ⊂ F ⊂ H

H E H E H

F H

f λ ∈
Rm A(λ) := ∂f

∂x(0, λ) dimN = n > 0 ,

N = KerA(λ0)



N H {ej}nj=1 ,

{αj(λ)}nj=1 αj(λ0) = 0

U(0) ⊂ Rm

A(λ) ej = αj(λ) ej ∀ j , (Mod)

〈A(λ) v, v〉 > 0 ∀v ∈ E ∩N⊥ , v �= 0. (Pos)

e1 , e2 , . . . en

E = N � E∞−n, F = N � F∞−n,

E∞−n F∞−n N E F

x ∈ E

x = u+ v, u =
n∑

j=1

ξjej, v ∈ E∞−n , ξj = 〈x, ej〉 ,

f(x, λ) = fn(x, λ) + f∞−n(x, λ),

fn(x, λ) =
n∑

i=1

fj(x, λ)ej , fj(x, λ) = 〈f(x, λ), ej〉 ,

f∞−n(x, λ) := f(x, λ)− fn(x, λ) ∈ F∞−n.

V (x, λ)

fn(u+ v, λ) = 0 ,

f∞−n(u+ v, λ) = 0 .

}



∂f∞−n

∂v
(0, λ) : E∞−n → F∞−n

v = Φ(u, λ)

O×U ⊂ E∞−n×Rn

Φ(0, λ0) = 0

f∞−n(u+ Φ(u, λ), λ) = 0 ∀ u ∈ On .

O = O n ×O∞−n

Φ : O n → E∞−n

f(x, λ) x =

0 u = u(λ)

fn(u+ Φ(u, λ), λ) = 0.

x(ξ, λ) = u(λ)(ξ) + Φ(u(λ)(ξ), λ) .

τ : On → F n

τ(u, λ) = fn(u+ Φ(u, λ), λ),

θ(ξ, λ) = 0.

θ(ξ, λ) = (θ1(ξ, λ) , θ2(ξ, λ) , . . . , θn(ξ, λ) , ) , θk(ξ, λ) = 〈τ(u(ξ), λ), ek〉 .

inf
v : v∈O∞−n

V (u+ v) = V (u+ Φ(u, λ), λ) .



V (u+ v) v

τ : Rn −→ Rn τ (u, λ) := fn(u+ Φ(u, λ), λ) ,

τ (u , λ) = 0

W (u, λ) := V (u+ Φ(u, λ), λ)

V (x, λ)

gradW (u, λ) = τ (u , λ)

Ŵ (ξ , λ) := W (u(ξ) + Φ(u(ξ) , λ), λ)

x = u+Φ(u)

W (ξ, λ) = V

(
n∑

j=1

ξjej(λ) + Φ(ξ, λ), λ

)
Φ(ξ, λ)



V (x, λ)

f(x, λ) = 0

W

W

bif

V

V (x, λ) = const+
1

2
〈A(λ)x, x〉H + V

(3)
λ (x) + V

(4)
λ (x) + o(‖x‖4),

A(λ) = ∂f
∂x(0, λ), V

(3)
λ V

(4)
λ

E V

f

W (ξ, λ) = const+
1

2

n∑
j=1

αj(δ)ξ
2
j +W

(4)
R (ξ)+O(|λ|)O(|ξ|4)+O(|ξ|6) ,

W
(4)
R (ξ) = V

(4)
0 (

n∑
j=1

ξjej).

H {Jk}nk=1

Jk(E) ⊂ E, Jk(F ) ⊂ F, k = 1, . . . , n,

Jk(ek(λ)) = −ek(λ), Jk(ej(λ)) = ej(λ), k �= j

V (·, λ) Jk

V (Jk(x), λ) = V (x, λ), k = 1, . . . , n, ∀ x, λ ,

W (ξ, λ)

ξj

W (ξ, λ) = const+W
(2)
λ (ξ) +W

(4)
λ (ξ) + o(|ξ|5),

W
(2)
λ W

(4)
λ ξj

V

const+
1

2

n∑
j=1

αj(λ)ξ
2
j +W

(4)
R (ξ, 0) +O(|λ|)O(|ξ|4) +O(|ξ|6),



W
(4)
R (ξ, 0) = V

(4)
0

(
n∑

j=1

ξjej

)
. V

(4)
0 (x) = V (4)

0 (x, x, x, x) V (4)
0 (x, y, z, t)

4

W
(4)
R (ξ) =

n∑
k=1

V
(4)
0 (ek)ξ

4
k + 6

n∑
i<j

V (4)
0 (ei, ei, ej, ej)ξ

2
i ξ

2
j .

n = 3

W
(4)
R (ξ) =

3∑
k=1

Akξ
4
k +

3∑
i<j

Bi,jξ
2
i ξ

2
j .

WR(ξ) = V

(
n∑

j=1

ξj ej

)
, ξ = (ξ1, ξ2, ..., ξn)


,

{e1, e2, ..., en}
E

ξ̄ = (ξ̄1, ..., ξ̄n) W x̄ =∑n
j=1 ξ̄j ej, V

W (ξ) = V

(
n∑

j=1

ξj ej + Φ(ξ)

)
,

Φ N := Lin(e1, ..., en) N⊥

N



a ∈ Rn

V ∂V/∂x1, . . . , ∂V/∂xn

〈∂V/∂x1, . . . , ∂V/∂xn〉 V

R[[x− a]] = R[[x1 − a1, . . . , xn − an]]∑
p1,...,pn

βp1,...,pn(x1 − a1)
p1 . . . (xn − an)

pn

βp1,...,pn

Q = R[[x− a]]

/
〈∂V/∂x1, . . . , ∂V/∂xn〉

V a

μ(V, a) = dim Q(V, a)

J A u · x ∈
J ∀u ∈ J, x ∈ A.



Q(V, a)

a

ϕ : Rn → Rn

Diff

V : Rn → R

V

Diff

Orb(V ) = {V ◦ ϕ}ϕ∈Diff .



Õ(V ) ⊂ R[[x]]

Vϕ(x) = V (ϕ(x))

TV

h(x) =
d v

d ε
(x+ εH(x))|ε=0 = (gradV (z),H(z))

H Rn

TV

R[[x]] TV R[[x]]

V

V

TV

R[[x]] V

V

V λ

U(x, λ), U(x, 0) = V (x)

Rn λ ∈ Λ Λ Rl



U(z, λ) V (x)

Ũ(x, ν) V (x)

ν ∈ Rk Rn × Rk Rn × Rl

(x, ν) → (ϕ(x, ν), ψ(ν)), ϕ(x) = x,

Rn × Rk (x, ν)

Ũ(x, ν) = U(ϕ(x, ν), ψ(ν)).

m

μ

U(x, λ) V (x)
∂U
∂λj

(x, 0) λj

λ j = 1, 2, . . . ,m

V

{
∂U
∂λj

(x, 0), j = 1, 2, . . . , μ
}

U(x, λ)

V

V (x) +

μ∑
j=1

λj ωj(x),

{ωj(x)} V



{ωj(x)}

Ũ(x, ν)

U(x, λ)

Diff × Rμ R[[x]]

(ϕ, λ) 
−→ V̂ϕ(x) +

μ∑
k=1

λk ωk(x),

V̂ϕ(x) Vϕ(x) := V (ϕ(x))

R[[x]]

Ũ(x, ν) V

V

λ

Λ ⊂ Rμ U ⊂ Rn

Σ λ



V (·, λ) U
D λ

V (·, λ) U

Δ λ

V (·, λ)



V

r a U

r a V

V

ϕ : (Rn, a) → (Rn, a)

a a

V (ϕ(x)) = U(x)

V r

M
r+1 ⊂ M

2 · J(V ).

M
k k M R[[x]] J(V )

V

U ⊂ M
2 · J(W ),

U

U

ξ41+2 a ξ21 ξ
2
2+ξ42+q1 ξ

2
1ξ2+q2 ξ1ξ

2
2+δ1 ξ

2
1+δ2 ξ

2
2+2 δ3 ξ1 ξ2+ε1 ξ1+ε2 ξ2,

qi, δj, εk a > −1 , a �= 1

ξ41+2 a ξ21 ξ
2
2+ξ42

4



f : E −→ F

f V

E

〈
∂f

∂x
(x)h, h

〉
> 0 ∀(x, h) ∈ E × (E \ 0),

f(x) = 0

V E

f

f(x) = 0

V

W (ξ) := inf
x:〈x,ej〉=ξj ∀j

V (x), ξ = (ξ1, . . . , ξn)

,

V

θ(ξ) = 0, ξ ∈ Rn,

θ(ξ) = (θ1(ξ), . . . , θn(ξ))

, θj(ξ) = 〈f(l(ξ) + Φ(ξ)), ej〉,



θ(ξ) = grad W(ξ).

W

M

W

ξ̇ = −gradW (ξ)

M

W

Rn

n = 3 l0, l1 l2 l3

l0 − l1 + l2 − l3 = 1 .

l0 l1

l2 l3



{c1 < W < c2},

Γ̂ Γ

A,B

A,B

A

A

Γ̂ Γ

Γ Γ̂

Γ̃ Γ

Γ Γ̃



H
0

9

H
0

9

H
0

9

H
1

9

H
1

9

H
1

9

H
1

9

H
1

9

H
0

7

H
0

1

H
0

9

H
0

3

H
0

7

H
1

9

H
1

9

H
1

9 H
1

9

H
1

9

min

bif

{2, 1, 0}, {3, 2, 0}, {4, 3, 0}, {5, 4, 0}, {1, 1, 1}, {2, 2, 1}, {3, 3, 1}, {4, 4, 1}.

(l0, l1, l2) lk

k



3

3

bif− min



min 3



[0, 1]

ẍ+ Ax−∇ω(x) = 0, x = (x1, . . . , xn)

 ∈ Rn,

x(0) = x(1) = 0.

(n× n)− A

Rn ω ∂2ω
∂x2 (x)(h, h) ≥ 0 ∀ x, h ∈ Rn

[0, 1]

x(0) = a, ẋ(0) = b

N 2n

C2([0, 1],Rn).

ẍ+ λ sin x = 0, x : [0, 1] → R.

E = {x ∈ C2([0, 1],Rn) : x(0) = x(1) = 0} F = C([0, 1],Rn)

H = L2([0, 1],R
n) H 〈·, ·〉 :

〈x, y〉 =
∫ 1
0 (x(t), y(t))dt (·, ·)

Rn

E F



{E,F,H} E

V (x) =

1∫
0

(
|ẋ|2
2

− (Ax, x)

2
+ ω(x)

)
dt.

eij

eij(t) = (0, . . . , 0︸ ︷︷ ︸
i−1

,
√
2 sin πjt, 0, . . . , 0)
, i = 1, . . . , n, j ∈ N,

H

λ∗ A

λ∗ < (k + 1)2π2,

∫ 1

0

(
|ẋ|2 − (Ax, x)

)
dt = 〈−ẍ− Ax, x〉

H (nk)

Enk := Lin(e11, . . . , en1, . . . , e1k, . . . , enk).

ξ = (ξ11, . . . , ξnk)

 ∈ Rnk, l(ξ) =

∑
i,j

ξijeij ∈ Enk,

Ẽ = {x ∈ E : 〈x, eij〉 = 0, i = 1, . . . , n, j = 1, . . . , k} = E ∩ (Enk)⊥,

Ẽξ = {x ∈ E : 〈x, eij〉 = ξij, i = 1, . . . , n, j = 1, . . . , k} = l(ξ) + Ẽ.

∀ξ ∈ Rnk V

Ẽξ

H1 E

〈x, y〉1 = 〈ẋ, ẏ〉 = 〈−ẍ, y〉
H1

ξ Ẽξ H1 V

V (x) = V (l(ξ)+v) =
1

2

(
‖v‖21 −

〈(
d

dt

)−2

v, Av

〉
1

)
+S(ξ, v), v ∈ H1

0 ,



S(ξ, v) v

S(ξ, v) ≥ −C1(ξ)‖v‖1 − C2(ξ), C1, C2 ≥ 0.(
‖v‖21 − 〈

(
d
dt

)−2
v, Av〉1

)
V

H1
ξ

vξ H1
ξ vξ ∈ Ẽξ

vξ +

(
d

dt

)−2

vξ +

(
d

dt

)−2

Avξ +

(
d

dt

)−2

ω(vξ) =
∑
i,j

μij

(
d

dt

)−2

eij,

H1
ξ vξ

C2

∇HV : E → F

WLS(ξ) = V (l(ξ) + vξ) = inf
v∈Ẽ

V (l(ξ) + v) = inf
x∈Ẽξ

V (x).

ẍ+ μ sin(x) = q0e0 + q1e1 + q2e2,

e0 = 1, e1 =
√
2 cos(t), e2 =

√
2 sin(t)

T = 2π

V0(x) =
1

2π

2π∫
0

(
ẋ2

2
+ λ(cos(x)− 1) + qx

)
dt,

q = q0e0+ q1e1+ q2e2 q = 0



V0(x) =
1

2π

2π∫
0

(
ẋ2

2
− λ

x2

2

)
dt+

1

2π

2π∫
0

λ

(
x2

2
+ cos(x)− 1

)
dt,

x2

2 + cos(x) λ > 0

λ < 0

λ > 0

λ < 4

e0 = 1, e1 =
√
2 cos(t), e2 =

√
2 sin(t).

E = Π2
2π

F = Π0
2π

f : E → F

1 < λ < 4

E = Lin (e0, e1, e2) + E∞−3,

E∞−3

Lin(e0, e1, e2)

e0, e1, e2 λ < 4

E∞−3

W (ξ) = inf
v⊥e0,e1,e2

V (ξ0 + ξ1e1 + ξ2e2 + v) .



SO(2)



∂2w

∂t2
+

∂4w

∂x4
+ κ

∂2w

∂x2
+ αw + w3 = 0,

w

x

w

d4w

dx4
+ κ

d2w

dx2
+ αw + w3 = 0,



w(0) = w(1) = w′′(0) = w′′(1) = 0.

2−

V =

1∫
0

(
1

2

((
d2w

dx2

)2

− κ

(
dw

dx

)2

+ αw2

)
+

w4

4

)
dx.

κ = κ1 := (p2 + q2)π2, α = α1 := p2q2π4, p, q ∈ N,

e1 =
√
2 sin(p πx), e2 =

√
2 sin(q πx).

p = 1, q = 2 κ1 = 5π2, α1 =

4π4

W (ξ, δ) = inf
w: 〈w,e1〉=ξ1, 〈w,e2〉=ξ2

V (w, α1 + δ1, κ1 + δ2),

ξ = (ξ1, ξ2), δ = (δ1, δ2)

J1, J2

J2(p)(x) := p (1− x), J1 := −J2,

W (−ξ1, ξ2, δ1, δ2) = W (ξ1,−ξ2, δ1, δ2) = W (ξ1, ξ2, δ1, δ2)

W (ξ, δ) = U(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),



U(ξ, δ) = V (ξ1e1 + ξ2e2, δ)

V e1, e2

λ1

2
ξ21 +

λ2

2
ξ22 +

1

4

(
Aξ41 + 2Bξ21ξ

2
2 + Cξ42

)
+ o(|ξ|4) +O(|ξ|4)O(δ),

λ1 = δ1 − π2δ2, λ2 = δ1 − 4π2δ2,

A =

1∫
0

e41dx =
3

2
, B =

1∫
0

e21e
2
2dx = 3 , C =

1∫
0

e42dx =
3

2
.

W̃0(ξ, δ) = Ũ(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),

Ũ(ξ, δ) =
λ̃1

2
ξ21 +

λ̃2

2
ξ22 +

1

4

(
ξ41 + 4ξ21ξ

2
2 + ξ42

)
.

W̃0(ξ, δ)

Ũ(ξ, δ)

a = 4

θ1 = λ̃1 − 2λ̃2, θ2 = λ̃2 − 2λ̃1 Ũ

(
λ̃1 + 3ξ21 + 2ξ22 4ξ1ξ2

4ξ1ξ2 λ̃2 + 2ξ21 + 3ξ22

)
,

θ1 > 0 θ2 > 0

2 1

1

λ̃1, λ̃2



ΣŨ Ũ

ω0 = {λ̃1 > 0, λ̃2 > 0},

ω1 = {λ̃1 < 0, λ̃2 > 0},

ω2 = {λ̃1 > 0, λ̃2 < 0},

ω3 = {λ̃1 < 0, λ̃2 < 0, θ1 < 0, θ2 > 0},

ω4 = {λ̃1 < 0, λ̃2 < 0, θ1 > 0, θ2 < 0},

ω5 = {λ̃1 < 0, λ̃2 < 0, θ1 > 0, θ2 > 0}.

bif

ω0

ω1, ω2

1

ω3, ω4 1

1

ω5 1

2

ω0

1

2

2

3

3
4

λ
1

λ
2



bif

(1, 0, 0) (2, 1, 0) (2, 2, 1) (4, 4, 1)

(l0, l1, l2) lk

k

∂w

∂t
+

∂4w

∂x4
+ κ

∂2w

∂x2
+ αw + w3 = 0 .

u̇ = ΔgradV (u) := DΔ(u3 − u− γΔ(u)) ,

u = u(x)

x ∈ U ⊂ Rm 1 ≤ m ≤ 3 D

V (u) := D
∫
U

(
(u2 − 1)2

4
+

γ

2
|∇u|2

)
dx

U



ẇ = −gradV (w) := −
(
∂4w

∂x4
+ κ

∂2w

∂x2
+ αw + w3

)
,

x ∈ [0, 2π]

V (w) :=

2π∫
0

(
(w′′)2

2
− κ

(w′)2

2
+ α

w2

2
+

w4

4

)
dx

w(0) = w(1) = w′′(0) = w′′(1) = 0

W (ξ) := V (c+ ξ1e1 + ξ2e2 + . . . + ξnen),

ej
d4

d4x

ξ̇ = gradW (ξ) ξ ∈ Rn W (ξ) := inf
〈w,ej〉=ξj

V (w)

V

λ



s

〈gradṼ (a0 + sh0), h〉 = 0.

h0 = −gradṼ (a0), g = −gradṼ , a0

a0 = sin(5πx1) +
4∑

k=1

εk sin(kπx) ,

{εk}
g(a+ sh0)

g(a0 + sh0) = g(a0) + s
∂g

∂x
(a0)h0 + o(s),

∂g
∂x(a0) g

〈g(a0 + sh0), h0〉 = 〈g(a0), h0〉+ s〈(∂g/∂x)(a0)h0, h0〉+ o(|s|).

s = s0 := − 〈g(a0), h0〉
〈(∂g/∂x)(a0)h0, h0〉

= − ‖g(a0)‖2
〈(∂g/∂x)(a0)h0, h0〉

.

s0

p(s) = s4 + p3s
3 + p2s

2 + p1s ∼ Ṽ (a0 + s h0)

a1 := a0 + s0h0

λ > π2





d4p

dx4
+ κ

d2p

dx2
+ αp+ p3 = 0,

[0, π]

p(0) =
d2p

dx2
(0) = p(π) =

d2p

dx2
(π) = 0.

V (p, κ, α) =

π∫
0

(
1

2

((
d2p

dx2

)2

− κ

(
dp

dx

)2

+ αp2

)
+

p4

4

)
dx,

α > 0

E

C4 [0, π]

W (ξ, δ) = inf
p: 〈p,e1〉=ξ1, 〈p,e2〉=ξ2

V (p, α1 + δ1, κ1 + δ2),

ξ = (ξ1, ξ2), δ = (δ1, δ2),

en

en =

√
2

π
sin(nx).



J1, J2

J2(p)(x) = p(π − x), J1 = −J2.

W (−ξ1, ξ2, δ1, δ2) = W (ξ1,−ξ2, δ1, δ2) = W (ξ1, ξ2, δ1, δ2),

W (ξ, δ) = U(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),

U(ξ, δ) = V (ξ1e1+ ξ2e2, δ)

V e1, e2

W (ξ, δ) =
λ1

2
ξ21 +

λ2

2
ξ22 +

1

4

(
Aξ41 + 2Bξ21ξ

2
2 + Cξ42

)
+

o(|ξ|4) +O(|ξ|4)O(δ),

λ1 = δ1 − δ2, λ2 = δ1 − 4δ2,

A =

π∫
0

e41dx =
3

2π
, B =

π∫
0

e21e
2
2dx =

3

π
, C =

π∫
0

e42dx =
3

2π
.

3
2π

W̃ (ξ, δ) = Ũ(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),

Ũ(ξ, δ) =
λ̃1

2
ξ21 +

λ̃2

2
ξ22 +

1

4

(
ξ41 + 4ξ21ξ

2
2 + ξ42

)
.

W̃ (ξ, δ)

Ũ(ξ, δ)



a > 2 bif

bif

Φ

V (x) =

∫
Ω

(|grad p|2 + Φ(p)) dV,

p = (pj(r)) Φ

W (ξ)

W (ξ) := inf
p:q(p)=ξ

V (p),

q = (q1, . . . , qn), {qj}nj=1



ϕ(ξ)

W (ξ) = V (ϕ(ξ))

d4p

dx4
+ �

d2p

dx2
+ αp+ p3 = 0

[0, π]

p(0) =
d2p

dx2
(0) = p(π) =

d2p

dx2
(π) = 0.

V (p, �, α) =

π∫
0

(
1

2

((
d2p

dx2

)2

+ �

(
dp

dx

)2

+ αp2

)
+

p4

4

)
dx.

E

C4 [0, π]



(�, α)

d4h

dx4
+ �

d2h

dx2
+ αh = 0

(�, α)

λ4 − �λ2 + α = 0.

λ2 = −n2, n = 1, 2, . . .

� =
α

n2
+ n2,

l1, l2, . . . ln, . . .

L

L
L Ln



dn dn+1 dn = (�n, αn) αn = n2(n + 1)2, �n =

n2+(n+1)2 d0 = (0, 1) dn

ln, ln+1 (n ≥ 1)

Ln

en =

√
2

π
sin(nx).

L dn

en, en+1

d1 n ≥ 2

α = α1+ δ1, � = �1+ δ2

W (ξ, δ) = inf
p: 〈p,e1〉=ξ1, 〈p,e2〉=ξ2

V (p, α1 + δ1, α1 + δ2),

ξ = (ξ1, ξ2), δ = (δ1, δ2).

W (ξ, δ)

V E

δ

V W

V V (−p, �, α) ≡ V (p, �, α)

I1 : p(x) 
−→ p(π − x) V

Z
2
2 I1, I2

I2 = −I1

I1(e1) = e1, I2(e2) = e2, I1(e2) = −e2, I2(e1) = −e1.

W (−ξ1, ξ2, δ1, δ2) = W (ξ1,−ξ2, δ1, δ2) = W (ξ1, ξ2, δ1, δ2),



W (ξ, δ) = U(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),

U(ξ, δ) = V (ξ1e1+ ξ2e2, δ)

V e1, e2

W (ξ, δ) =
λ1

2
ξ21 +

λ2

2
ξ22 + Aξ41 + 2Bξ21ξ

2
2 + Cξ42+

+o(|ξ|4) +O(|ξ|4)O(δ),

λ1 = δ1 − δ2, λ2 = δ1 − 4δ2,

A =

π∫
0

e41dx =
3

2π
, B =

π∫
0

e21e
2
2dx =

3

π
, C =

π∫
0

e42dx =
3

2π
.

W 6
π

W̃ (ξ, δ) = Ũ(ξ, δ) + o(|ξ|4) +O(|ξ|4)O(δ),

Ũ(ξ, δ) =
λ̃1

2
ξ21 +

λ̃2

2
ξ22 +

1

4

(
ξ41 + 4ξ21ξ

2
2 + ξ42

)
.

W̃ (ξ, δ)

Ũ(ξ, δ) Ũ(ξ, δ)

∂Ũ
∂ξ1

= λ̃1ξ1 + ξ31 + 2ξ1ξ
2
2 = 0,

∂Ũ
∂ξ2

= λ̃2ξ2 + 2ξ21ξ2 + ξ32 = 0,

}

0− ξ1 = ξ2 = 0

1− ξ1 = ±
√
−λ̃1 (λ1 < 0), ξ2 = 0 ξ1 = 0, ξ2 =

±
√
−λ̃2 (λ2 < 0)



2− ξ1 = ±
√

λ̃1−2λ̃2

3 ξ2 = ±
√

λ̃2−2λ̃1

3 λ̃1 − 2λ̃2 >

0, λ̃2 − 2λ̃1 > 0)

θ1 = λ̃1 − 2λ̃2, θ2 = λ̃2 − 2λ̃1 Ũ

(
λ̃1 + 3ξ21 + 2ξ22 4ξ1ξ2

4ξ1ξ2 λ̃2 + 2ξ21 + 3ξ22

)
,

θ1 > 0 θ2 > 0

2− 1−

1−
λ̃1, λ̃2

ΣŨ Ũ

ω0 = {λ̃1 > 0, λ̃2 > 0},

ω1 = {λ̃1 < 0, λ̃2 > 0},

ω2 = {λ̃1 > 0, λ̃2 < 0},

ω3 = {λ̃1 < 0, λ̃2 < 0, θ1 < 0, θ2 > 0},

ω4 = {λ̃1 < 0, λ̃2 < 0, θ1 > 0, θ2 < 0},

ω5 = {λ̃1 < 0, λ̃2 < 0, θ1 > 0, θ2 > 0}.

bif

ω0

ω1, ω2 1−

ω3, ω4 1−
1−

ω5 1−
2−



W

θ̃1 = λ̃1 − 2λ̃2 + o(λ̃1, λ̃2), θ̃2 = λ̃2 − 2λ̃1 + o(λ̃1, λ̃2),

ΣW W

ω̃0, ω̃1, . . . ω̃5 ωk

U

ω̃0 = ω0, ω̃1 = ω1, ω̃2 = ω2 ω̃3, ω̃4 ω̃5

ω3, ω4 ω5

θ1 θ2 θ̃1 θ̃2 ω̃k

bif

bif

U θ̃1, θ̃2

(4, 5) (α = 4 + δ1, � = 5 + δ2)

ω̃0, ω̃1, . . . ω̃5

bif V

m = {λ̃1 = λ̃2 > 0}
1−

±
√

δ1 − δ2
3

sin(x) + o(δ1, δ2)

±
√

δ1 − 4δ2
3

sin(2x) + o(δ1, δ2).



R6

0Z

V (w, λ) =
1

2π

2π∫
0

Ldz , L
(
∂w

∂z
, w

)
:=

1

2

(∣∣∣∣∂w∂z
∣∣∣∣2 − Π(w)

)
,

Π = |w|6 + β |w|4 + α |w|2+

+q1 (w
2
1w

2
2 + w2

1w
2
3 + w2

2w
2
3) |w|2 + q2 w

2
1w

2
2w

2
3 + κ (w2

1w
2
2 + w2

1w
2
3 + w2

2w
2
3)



w := (w1, w2, w3) , λ = (α, β, q1, q2, κ)

λ w = (w1, w2, w3)

E

2π− C4 R3

V

W (ξ, λ) = inf
w: 〈w,ek〉=ξk

V (w, λ),

ξ = (ξ1, . . . , ξn) ek k ≤ 6

ẇ =

−gradV (w) 〈p, q〉 :=

1
2π

2π∫
0

(p, q)dz W

W

ξ̇ = −gradW (ξ)



ξ1, . . . , ξn

Rn

V (w, λ)

m

m− C = {w ∈ E| gi(w) ≥
0, i = 1, ...,m}. m = 1

a ∈ C
V (w, λ) gradHV (0)

C a supp(a) = {k ∈



{1, ...,m}| gk(a) �= 0}
a

V (w, λ)

W (ξ) = inf
w:g(w)=ξ

V (w)

g(w) = (g1, ..., gn)

{gi}ni=1

{gk}mk=1

gi(w)

gradH gi(w) ∈
F ∀w ∈ E. g−1(ξ)

ϕ(ξ) V C
W ξj ≥ 0, j = 1, . . . ,m.

μ w0 ∈ C
Q(W,a) = R[[ξ − a]]/T (W, a), a

w0 R[[ξ − a]]

ξ − a T (W, a)

R[[ξ−a]] {
∂W
∂ξi

}
,
{
ξk

∂W
∂ξk

}
, i, k ∈ supp(a).

μ = 1

N ϕ(ξ)

V

M̂ ∈ E × Rq M̂ = M0 ∪
M1 ∪ ... ∪ Mm, Mk f(w, λ) = 0, w ∈
Ck, dim Ker ∂[f ]k∂w (w, λ) > 0. Ck C

C0 [f ]k = gradH (V |Ck).
Σ

π : E × Rq → Rq, Σ = π(M̂).

d

bif− L = (ljk)



ljk

k j− m − j

V (w, λ) ∂V
∂λj

(w, 0)

Q̂0(V )

Q̂0(V )

Q̂∗
0(V ) V (w, λ)

V (w, 0) = 0 ∂V
∂λj

(w, 0)

Q̂∗
0(V )

Σ

6−

G

g1 :

⎛⎜⎜⎝
w1

w2

w3

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
−w1

w2

w3

⎞⎟⎟⎠ , g2 :

⎛⎜⎜⎝
w1

w2

w3

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
w1

−w2

w3

⎞⎟⎟⎠ ,



g3 :

⎛⎜⎜⎝
w1

w2

w3

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
w1

w2

−w3

⎞⎟⎟⎠ , gω :

⎛⎜⎜⎝
w1

w2

w3

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
wω(1)

wω(2)

wω(3)

⎞⎟⎟⎠ , ∀ω ∈ S3,

g4 :

⎛⎜⎜⎝
w1(z)

w2(z)

w3(z)

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
w1(−z)

w2(−z)

w3(−z)

⎞⎟⎟⎠ , Jϕ :

⎛⎜⎜⎝
w1(z)

w2(z)

w3(z)

⎞⎟⎟⎠ −→

⎛⎜⎜⎝
w1(z + ϕ)

w2(z + ϕ)

w3(z + ϕ)

⎞⎟⎟⎠ ,

∀ϕ ∈ R, S3

6−

e1 =

⎛⎜⎜⎝
c(z)

0

0

⎞⎟⎟⎠ , e2 =

⎛⎜⎜⎝
s(z)

0

0

⎞⎟⎟⎠ , e3 =

⎛⎜⎜⎝
0

c(z)

0

⎞⎟⎟⎠ , e4 =

⎛⎜⎜⎝
0

s(z)

0

⎞⎟⎟⎠ ,

e5 =

⎛⎜⎜⎝
0

0

c(z)

⎞⎟⎟⎠ , e6 =

⎛⎜⎜⎝
0

0

s(z)

⎞⎟⎟⎠ ,

c(z) =
√
2 cos(z), s(z) =

√
2 sin(z).

N = Span(e1, e2, e3, e4, e5, e6)

R6

G SO(6)

G G

R6

U1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, U2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0

0 0 0 −1 0 0

0 0 0 0 1 0

0 0 0 1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,



U3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 −1 0

0 0 0 1 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, U4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0

0 0 0 1 0 0

0 0 0 0 −1 0

0 0 0 1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

Uω

(ξ1, η1, ξ2, η2, ξ3, η3) 
−→ (ξω(1), ηω(1), ξω(2), ηω(2), ξω(3), ηω(3))

Uϕ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

cos(ϕ) − sin(ϕ) 0 0 0 0

sin(ϕ) cos(ϕ) 0 0 0 0

0 0 cos(ϕ) − sin(ϕ) 0 0

0 0 sin(ϕ) cos(ϕ) 0 0

0 0 0 0 cos(ϕ) − sin(ϕ)

0 0 0 0 sin(ϕ) cos(ϕ)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

W (ξ) := inf
w:g(w)=ξ

V (x), ξ ∈ R6,

g(w) = (g1, g2, g3, g4, g5, g6), gj(w) := 〈w, ej〉 〈w, ej〉 = 1
2π

2π∫
0

wejdx

V W

G R6.

W (ξ)

(I1+I2+I3)
3+ε(I1+I2+I3)

2+δ(I1+I2+I3)+γ1
(
I24 + I25 + I26

)
+



γ2
(
I27 + I28 + I29

)
+
(
p1
(
I24 + I25 + I26

)
+ p2

(
I27 + I28 + I29

))
(I1 + I2 + I3)+

q1I1I2I3+ q2I4I5I6+O(|ξ|8), I1, . . . I9

z −→ exp(iϕ) z ( ξ ∈ R6

z = (z1, z2, z3) ∈ C3, z1 = ξ1 + iξ2, z2 =

ξ3 + iξ4, z3 = ξ5 + iξ6 )

I1 = ξ21 + ξ22 , I2 = ξ23 + ξ24 , I3 = ξ25 + ξ26 ,

I4 = ξ1ξ3 + ξ2ξ4, I5 = ξ3ξ5 + ξ4ξ6, I6 = ξ5ξ1 + ξ6ξ2,

I7 = −ξ1ξ4 + ξ2ξ3, I8 = −ξ3ξ6 + ξ4ξ5, I9 = −ξ5ξ2 + ξ6ξ1.

ε, δ, γk, qk

β, α, q,κ ε, δ, γk = O(β, α,κ)

G

J1 = I1+I2+I3, J2 = I24+I25+I26 , J3 = I27+I28+I29 , J4 = I1I2I3, J5 = I4I5I6.

z1 = r1e
iψ1 z2 = r2e

iψ2 z3 =

r3e
iψ3 U = Ũ +O(|ξ|8)

Ũ = J3
1 + ε J2

1 + δ J1 + γ1 J2 + γ2 J3 + (p1 J2 + p2 J3)J1 + q1J4 + q2J5 =

= σ3
1 + ε σ2

1 + δ σ1+

+γ1
(
r21r

2
2 cos

2(ψ1 − ψ2) + r22r
2
3 cos

2(ψ2 − ψ3) + r23r
2
1 cos

2(ψ3 − ψ1)
)
+

+γ2
(
r21r

2
2 sin

2(ψ1 − ψ2) + r21r
2
3 sin

2(ψ2 − ψ3) + r21r
2
3 sin

2(ψ3 − ψ1)
)
+

+
(
p1 (r

2
1r

2
2 cos

2(ψ1 − ψ2) + r22r
2
3 cos

2(ψ2 − ψ3) + r21r
2
3 cos

2(ψ3 − ψ1)) +

+ p2 (r
2
1r

2
2 sin

2(ψ1 − ψ2) + r21r
2
3 sin

2(ψ2 − ψ3) + r23r
2
1 sin

2(ψ3 − ψ1))
)
σ1+

+q1 σ3 + q2 cos(ψ1 − ψ2) cos(ψ2 − ψ3) cos(ψ3 − ψ1) σ3 +O(|r|8).

σ1 = r21 + r22 + r23, σ2 = r21r
2
2 + r22r

2
3 + r21r

2
3, σ3 = r21r

2
2r

2
3.



ψj Ũ
∂Ũ
∂ψj

= 0.

cos(ψj −ψk), sin(ψj −ψk)

M0 := {ϕ1 = ϕ2 = ϕ3}, M1 := {ϕ1− ϕ2 = ϕ2− ϕ3 = ϕ3− ϕ1 = π/2}.

Ũ M0 M1

W = σ3
1 + ε σ2

1 + δ σ1 + p σ1σ2 + γ σ2 + q σ3,

bif−

W

q �= 0 L = (l0, l1, l2, l3)

bif−

l1 + l3 = 62, l0 + l2 = 63.

bif

rj = rk = 0

r1 = ±r2 = ±r3

rj = ±rk
∂W
∂r = ∂W

∂σ
∂σ
∂r , det

(
∂σ
∂r

)
= 8r1r2r3(r

2
1 −

r22)(r
2
1−r23)(r

2
2−r23)

∂W
∂σ = (3σ2

1+2ε σ1+δ+p σ2, p σ1+γ, q) �= 0,

r1r2r3(r
2
1 − r22)(r

2
1 −

r23)(r
2
2 − r23) = 0,



p > −4 27 + 9p+ q > 0.

W0 W0 = σ3
1 + p σ1σ2 +

qσ3 = σ1(σ
2
1 + p σ2) + qσ3. σ1 ≥ 0

W0

r3 = 0

σ2
1 + p σ2 = r41 + r42 + ar21 + r22, a = 2 + p,

a > −2

W0 r1 = r2 = r3

L bif− min−

W

W

∣∣∣∣
rk=0

W

∣∣∣∣
rk=0

∂2W
∂r2k

(0) >

0 ∀k ∂2W
∂r1∂r2

(0) = 0

L bif− min−
R3

W

∣∣∣∣
rk=0

r2 = r3 = 0, r1 ≥ 0

r2 = 0



∂W

∂r1
(r1, 0, 0) = 2r1(3r

4
1 + 2εr21 + δ) = 0.

r21 = −ε
3 ± 1

3

√
ε2 − 3δ, ε < 0, δ < ε2

3 .

r21 = −ε
3 −

1
3

√
ε2 − 3δ

∂2W
∂r22

∂2W
∂r23

> 0, r22 = −ε
3 +

1
3

√
ε2 − 3δ

∂2W
∂r22

∂2W
∂r23

< 0. ∂2W
∂r2k

(r1, 0) = 2((3+ p)r41 +(ε+ γ)r21 + δ), k >

1, pr21 + γ − ε > 0

pr21 + γ − ε < 0
p
3

(
−ε−

√
ε2 − 3δ

)
+ γ − ε > 0 p

3

(
−ε+

√
ε2 − 3δ

)
+ γ − ε < 0.

p > 0 p < 0 p > 0

π/4 p
√
ε2 − 3δ < 0.

Ũ

σ3
1 + ε σ2

1 + δ σ1 + p σ1σ2 +

γ σ2 + q σ3,

σ1 = r21 + r22 + r23, σ2 = r21r
2
2 + r21r

2
3 + r22r

2
3, σ3 = r21r

2
2r

2
3.

r1 = r cos(ϕ1), r2 = r cos(ϕ2), r2 = r cos(ϕ3)∑
j cos

2(ϕj) = 1 σ1 = r2,

σ2 = r4
(
cos2(ϕ1) + cos2(ϕ2)− cos4(ϕ1)− cos4(ϕ2)− cos2(ϕ1) cos

2(ϕ2)
)
,

σ3 = r6
(
cos2(ϕ1) cos

2(ϕ2)− cos2(ϕ1) cos
2(ϕ2)

(
cos2(ϕ1) + cos2(ϕ2)

))
.

W

M0 M1 M2

∂V
∂r = 0



∂V
∂ϕ1

= 0, ∂V
∂ϕ2

= 0

ϕ1, ϕ2

M0

6r5 + 4ε r3 + 2δ r + 2r3((3p r2 + γ)(cos2(ϕ1) + cos2(ϕ2)−

− cos4(ϕ1)− cos4(ϕ2)− cos2(ϕ1) cos
2(ϕ2))− 6q r5(cos2(ϕ1) cos

2(ϕ2)−

− cos2(ϕ1) cos
2(ϕ2)(cos

2(ϕ1) + cos2(ϕ2))) = 0.

Mk (p r2+γ) ∂σ2

∂ϕk
+q ∂σ3

∂ϕk
= 0.

M0∩M1∩M2

M1∩M2 (p r2+γ) gradϕ σ2+q gradϕ σ3 = 0.

(p r2 + γ) = 0, gradϕ σ3 = 0.

O

p r2 + γ = 0

rk = 0

[σ2, σ3] = 0, [σ2, σ3]

σ2, σ3 ϕ1, ϕ2

bif

W r2k = ηk

Ŵ = s31 + ε s21 + δ s1 + p s1s2 + γ s2 + q s3,

s1 = η1 + η2 + η3, s2 = η1η2 + η1η3 + η2η3, σ3 = η1η2η3.

p = 0 p

ηk ≥ 0

U = p̃ s2 + q̃ s3 + const



s1 := η1 + η2 + η3 = dj, ηk ≥ 0 ∀k , j = 1, 2 ,

d1 d2 s31 + ε s21 + δ s1

η1 + η2 + η3 = const

Ω U

U

2π
3 a

(
u3
1

3 − u1u
2
2

)
+

b
(
u21 + u22

)
+ const.

U

W



U

R3



d



Δ2w + λΔw − [w, φ] = Δ2φ+
1

2
[w,w] = 0,

Δ [w, φ] = wxxφyy + wyyφxx − 2wxyφxy, w

φ λ

φ = φx = φy = w = wx = wy = 0|∂Ω.



Ω w, φ

Ω = {(x, y) ∈ R2 : x2 + y2 ≤ 1}.

V (w, φ, λ) =
1

2

∫
Ω

∫ (
|Δw|2 − |Δφ|2 − λ|∇w|2 − φ[w,w]

)
dx dy.

x = r cos(ϕ), y = r sin(ϕ)

w = w(r)

V = 2πV̂

V̂ =
1

2

1∫
0

r

(
|Δ̂w|2 − |Δ̂φ|2 − λ

(
dw

dr

)2

+
1

2r

dφ

dr

(
dw

dr

)2
)
dr,

Δ̂ =
d2

dr2
+

1

r

d

dr
.

v = dw
dr , ψ = dφ

dr

U(v, ψ, λ) = V̂ (w, φ, λ) =

1

2

1∫
0

r

(
A(v)v −A(ψ)ψ − λv2 +

ψv2

2r

)
dr,

A = − d2

dr2
− 1

r

d

dr
+

1

r2
I

Ũ(v, λ) = sup
ψ

U(v, ψ, λ) =

1

2

1∫
0

r

(
A(v)v − λv2 +

1

4
A−1

(
v2

r

)
v2

r

)
dr



ψ

v

v(0) = v(1) = 0.

1∫
0

vdr = const.

U := Ũ(v, λ) + q

1∫
0

vdr, q ∈ R1.

E C2 [0, 1]

H
[0, 1]

〈u, v〉 =
∫ 1
0 ruvdr

U

e1, . . . , en

E λ ≤ l l

〈(A− λI)v, v〉 > 0 , v �= 0, v ∈ E ∩ Lin(e1, . . . , en)
⊥

E ∩ Lin(e1, . . . , en)
⊥

Lin(e1, . . . , en) 〈u, v〉 H

W (ξ, λ) = inf
v: 〈v,ej〉=ξj , j=1,...,n

U(v, λ), ξ = (ξ1, . . . , ξn), λ ≤ l,



Rn

U
W

E0 = E
⋂

Lin(e1, . . . , en)
⊥, F0 = C([0, 1])

⋂
Lin(e1, . . . , en)

⊥.

v = Φ(ξ) Ũ |Eξ
Eξ = {v ∈ E : 〈v, ej〉 =

ξj, j = 1, . . . , n},

g(v, λ) = 0, v ∈ Eξ,

g Eξ −→ F0

v 
−→ f(v, λ)−
n∑

j=1

〈f(v, λ), ẽj〉ẽj,

f(v, λ) := A(v)− λv +
v

2r
A−1

(
v2

r

)
− q,

ẽ1, . . . , ẽn Lin(e1, . . . , en).

g

g

S(v) =
〈
A−1
(
v2

r

)
, v

2

r

〉
d2

dv2
S(v, λ)(h, h) ≥ 0, ∀v, h ∈ E, λ < l.

d2S

dv2
(v, λ)(h, h) =

〈
A−1

(
v2

r

)
,
h2

r

〉
+ 2

〈
A−1

(
vh

r

)
,
vh

r

〉
.

A



A−1 : F −→ E v(r) ≥ 0 ∀r,
A(v)(r) ≥ 0 ∀r.

v = ϕ(ξ, λ) ξ λ

λ

minA(v)(r) ≥ 0, min v(r) < 0.

v c ∈ (0, 1) vr(c) = 0, v(c) < 0

A(v)(c) = −vrr(c) +
v(c)
c2 ≥ 0. vrr(c) < 0

v(c)

v = ϕ(ξ, λ) ξ λ

λ

H1

‖v‖1 := 〈A(v), v〉
〈u, v〉1 := 〈A(u), v〉

H1 U

U(v, λ, q) =
1

2

(
‖v‖1 − λ〈A−1(v), v〉1 + S(v)

)
+ 〈A−1(v), q̃〉1,

S(v) = 1

4

∥∥∥∥A−1

(
v2

r

)∥∥∥∥2
1

.

H1
ξ H1 Eξ

U H1
ξ

U U



Φ(ξ, λ, q) H1
ξ

Eξ

v(r)

v + λA−1(v) +A−1

(
v

2r
A−1

(
v2

r

))
=

n∑
j=1

(μj + q αj) êj, êj = A−1(ej),

H1
ξ

W (ξ, λ, q) = U(Φ(ξ, λ, q), λ, q) Φ(ξ, λ, q)

V

H1

f(x, δ) = I + c(x, δ) c

H1 ×Δ H1

{En+m} = En+0 = N ⊂ En+1 ⊂ En+2 ⊂ . . . ⊂ En+m ⊂ . . . ,

Pm : H1 −→ En+m

H1

V
∣∣
En+m

λ

e1, e2

H1



N = Lin(e1, e2) λ, q

u ∈ N inf
v∈N⊥

V (u + v).

W (ξ) ≡ V (u+ Φ(ξ)), u := ξ1e1 + ξ2e2, Φ(ξ) ∈ N⊥.

Φ̃(ξ)

Φ(ξ)

Φ̃(ξ)

W(k) = V (u+vk).

w(s) = V (u+ vk + s∇k), s ≥ 0, ∇k = −gradV (u+ vk)

hk+1 = sk+1∇k, sk =
〈fλ(u+ vk), ∇k〉1〈
∂f
∂x(a+ vk)∇k,∇k

〉
1

.

E

H

{ek}

〈
f

(
N∑
k=1

ξkek

)
, ej

〉
1

= 0, j = 1, . . . , N.



W̃

(λ, q)

{
grad W̃ (ξ1, ξ2) = 0,

Hessian W̃ (ξ1, ξ2) = 0,

bif

v + gλ(v) :=

:= v + λA−1(v) +A−1

(
v

2r
A−1

(
v2

r

))
= q̃ ;

U(v, λ, q) =
1

2

(
‖v‖1 − λ〈A−1(v), v〉1 + S(v)

)
+ 〈v, q̃〉1 ;



u := ξ1 e1 + ξ1 e1, v := Bw, q̃ := A−1q , q := q1 e1 + q2 e2 ;

e1 , e2 H1

[0, 1]

Q : x 
−→ y :=
m∑
k=3

〈x, ek〉1 ek;

e3 , e4 , . . .

r

B : w :=
∑
k

〈x, ek〉1 ek 
−→ v :=
∑
k

βk 〈x, ek〉1 ek;

v = Q gλ(u+ v) , v ⊥ e1 , e2 ,

gλ(v) := λB(v) + BG(v)− q̃ ;

G(v) :=
v

2r
B

(
v2

r

)

v(k+1) = Q gλ(u+ v(k)) .

ek(r) = dk Bessel (αk r) , k = 1, 2 . . . ;

dk H1 {αk}
Bessel (r)

2, 404; 5, 520; 8, 654; 11, 792; 14, 931; 18, 076; 21, 212; 24, 353; 27, 494 .





Δ2w − [w,ϕ] + λwxx = Δ2ϕ+
1

2
[w,w] = 0

w = Δw = ϕ = Δϕ = 0|∂Ωa
.

w ϕ

Δ

[w,ϕ] := wxxϕyy + wyyϕxx − 2wxyϕxy,

Ωa = [0, a]× [0, 1],

λ

H4 W 4
2

V

V (w,ϕ, λ) =
1

2

(
|Δw|2 − λ|wx|2 − |Δϕ|2 − 〈[w,w], ϕ〉

)
H4 ×H4

|ϕ|2 = 〈ϕ, ϕ〉 :=
∫
Ωa

ϕ2(x, y)dxdy.

Ṽ

Ṽ = sup
ϕ:ϕ∈H4

V (w,ϕ, λ).

H4 −→ H4 ×H4

w 
→
(
w,−1

2
Δ−2[w,w]

)

V̂ (w, λ) =
1

2

(
|Δw|2 − λ|wx|2

)
+

1

8
|Δ−1[w,w]|2.



Δ−1 ψ 
−→ ϕ ϕ

Δϕ = ψ, ϕ|∂Ωa
= 0.

Δ

C2+α(Ωa)

ϕ|∂Ωa
= 0 F0 ψ

F = C0+α(Ωa)

ψ(0, 0) = ψ(a, 0) = ψ(0, 1) = ψ(a, 1).

E {w ∈ H4 : Δ2w ∈ F}

‖w‖E = ‖Δ2w‖C0+α(Ωa).

w = 0 λ

λ∗(a) = sup

{
λ̄ :

∂2V̂

∂w2
(0, λ)(h, h) > 0, ∀λ < λ̄, h �= 0

}
.

a λ∗(a)

am =
√

m(m+ 1) m = 1, 2, . . . a = am λ = λm := λ∗(am)

e1 = 2 sin
(mπx

a

)
sin(πy), e2 = 2 sin

(
(m+ 1)πx

a

)
sin(πy).

W (ξ, λ, a) := inf
v: v∈O∗

V (ξ1e1 + ξ2e2 + v, λ), ξ ∈ O2

(λ, a) (λm, am) O2 O∗

R2 E∗ = {v ∈ E : 〈v, e1〉 = 〈v, e2〉 = 0}



W (ξ, λ, a) =
1

2

(
α1(λ, a)ξ

2
1 + α2(λ, a)ξ

2
2

)
+

2∑
i,j=1

hi,jξ
2
1ξ

2
2 + . . .

α1, α2 Δ2 + λ ∂2

∂x2

e1 e2

hj,j =
1

8

∣∣Δ−1[ej, ej]
∣∣2 ,

h1,2 = h2,1 =
1

8

(
〈Δ−1[e1, e1],Δ

−1[e2, e2]〉+ 2|Δ−1[e1, e2]|2
)
.

m

h1,2 > (h1,1h2,2)
1/2,



2∑
i,j=1

hi,jξiξj

R2

m

λ > λ1



v̇ +
∂v

∂x
v = νΔ(v)− grad (p).

Δ = ∂2

∂x2
1

+ ∂2

∂x2
2

∂v
∂x

v = v(x1, x2, t) x = (x1, x2) p =

p(x1, x2, t) v

Ω ⊂ R2



(U · ∇̃)u− v2

r = −∂p
∂r + (Δ̃u− 2

r2
∂v
∂ϕ − u

r2 ) ,

(U · ∇̃)v + uv
r = −1

r
∂p
∂ϕ + (Δ̃v + 2

r2
∂u
∂ϕ − v

r2 ) ,

}

(U · ∇̃) = u
∂

∂r
+

v

r

∂

∂ϕ
, Δ̃ =

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2
.

∂u

∂r
+

u

r
+

1

r

∂v

∂ϕ
+

∂w

∂z
= 0.

grad =

(
∂

∂r
,
1

r

∂

∂θ

)

, sgrad =

(
1

r

∂

∂θ
, − ∂

∂r

)

.

rot

(
∂v

∂x

)
= grad (Δψ); rot

(
∂v

∂x
v

)
= [ψ,Δ(ψ)].

rot (v) := ∂v2
∂x1

− ∂v1
∂x2

, ψ(x1, x2, t)

[ψ, ϕ] ψ, ϕ

div(v) = 0

v := sgrad(ψ) =

(
− ∂ψ

∂x2
,
∂ψ

∂x1

)

,

ψ

(n, sgrad (ψ))

∣∣∣∣
∂Ω

= 0 ,

n

u := rot(v) = Δ(ψ) , u̇ = rot(v̇) = Δ(ψ̇).

Δ(ψ̇) = [Δ(ψ), ψ] + νΔ2(ψ) .



[Δ(ψ), ψ] + νΔ2(ψ) = 0

ϕ = Qq(θ) . Q :=
∫ β
0 r u dθ

Δ(ϕ) = Q
q′′

r2
, [Δ(ϕ), ϕ] = −Q22 q

′′q′

r4
,

∂2

∂r2

(
q′′

r2

)
=

6 q′′

r4
,

1

r

∂

∂r

(
q′′

r2

)
= −2 q′′

r4
,

1

r2

(
q′′

r2

)′′
=

q′′′′

r4

q′′′′ + 4 q′′ − 2R q′′q′ = 0 ,

R = Q
ν

q(0) = 0 , q(β) = 1 , q′(0) = q′(β) = 0.

q(β) = 1 ∫ β

0

q′ dθ =
1

Q

∫ β

0

r u dθ = 1

r =

const

θ −→ βθ

q′′′′ + λ q′′ − 2R̃ q′′q′ = 0 ,



q(0) = 0 , q(1) = 1 , q′(0) = q′(1) = 0 ,

λ = 4β2, R̃ = βR .

V =

∫ 1

0

L(q′′, q′) dθ , L(q′′, q′) =
(q′′)2

2
− λ

(q′)2

2
+ R̃ (q′)3

3
.

10−4−10−6

10−8 − 10−10

q′ = u

u′′ + λu− R̃u2 = c , c− const ,

u(0) = u(1) = 0 ,



∫ 1

0

u dθ = 1 .

∫ 1

0

1

2

((
(u′)2 − λu2

)
+

1

3
u3
)

dθ

H1[0, 1]

L2[0, 1] H1[0, 1]

〈u, v〉1 =
1∫
0

u′v′ dθ

1
2

(
(u′)2 + λu2

)
+ R̃

3 u
3 − cu = d .



λ, R̃, c U =
1
2

(
v2 + λu2

)
+R̃

3 u
3 − cu .

λ, R̃, c, d

u, v (v := u′)

u = 0

R̃ = 0 :

u′′ + λu = c , u(0) = u(1) = 0 ,

∫ 1

0

u dθ = 1 .

∫ 1

0

1

2

(
(u′)2 − λu2

)
dθ

M = {u ∈ H1[0, 1] :

∫ 1

0

u dθ = 1}

E = F = H = H1[0, 1]



λ

s0,k =
π k

2
sin(π k θ) , λ = λ0,k := (π k)2 ; (S0)

sε,k = a(ε) σε(θ) , σε(θ) := sin(ε+ (π k − 2ε)θ)− sin(ε) , (Sε)

λ = λε,k := (π k − 2ε)2 ; k = 2m− 1 , m = 1, 2, . . . ,

a(ε) σε(θ) ;

sε,2m =
1

sin(ε)
(sin(2πmθ − ε) + sin(ε)) =

=
1

sin(ε)
(cos(ε) sin(2πmθ) + sin(ε)(1− cos(2πmθ))) , m = 1, 2, . . . ,

(SCε)

λ = λε,2m := (2πm)2 , m = 1, 2, . . . ;

f0,j = 1− cos(2 j π θ) , λ = μ0,j := (2 j π)2 ; (C0)

fε,j = b(ε) ρε(θ) , ρε(θ) = cos(ε+ 2(jπ − ε)θ)− cos(ε) , (Cε)

λ = με,j := 4 (j π − ε)2 , j = 1, 2, . . . ;

b(ε) ρε(θ) .



x = ε(x − x2 + x = 1)

[−2, 2] −→ [−2, 2] ε

x −→ ε(x − x2 + 1)

f(x) = x− ε(x− x2 + 1) ε = 0.8 , 0.3 , 0.1 , 0.05

x = B(g(x, x) + Cx+ c), x ∈ F

F ‖B‖F
F −→ F B C

F −→ F c ∈ F

K(x) := B(g(x, x) + Cx + c)

xn = K(xn−1)

f(w) := Aw − λw + g(w,w) + c = 0, w ∈ E,

E = C2[0, 1] ∩ {w(0) = w(1) = 0} A = −d2/dθ2 g(w,w) := R̃w2 c

const f E F = C[0, 1] A



∞∑
k=1

ξkek 
→
∞∑
k=1

(πk)2ξkek,

ek =
√
2

πk sin(πkθ) A
(πk)2 ek

H1[0, 1]

w −A−1(g(w,w) + λw − c), w ∈ H1[0, 1] .

u−A−1
1 (g1(w,w)) + λu− a) = 0 ,

v −A−1
2 (g2(w,w)) + λ v − b) = 0 ,

}

A1 := A
∣∣
N

A2 := A
∣∣
N⊥∩E N := Lin(e1, . . . , en) w = u + v,

u =
n∑

k=1

ξkek v =
∞∑

k=n+1

ξkek a =
n∑

k=1

αkek b =
∞∑

k=n+1

αkek αk =

〈c, ek〉1
N⊥ ∩H1[0, 1] A

n

A−1
2 : N⊥∩H1 −→ N⊥∩H1

K(v) := A−1
2 (g2(u+v, u+v)+λ v−b) ‖v‖H1 ≤ L

N⊥ ∩H1

v = Φ(u) ,

vn = K(vn−1)

τ(u) := f1(u+ Φ(u)) = 0



N

w = u+ Φ(u).

W (u) := V (u+ Φ(u)) , u ∈ N .

V

W

W

K

w = K(w)

‖w‖F ≤ ‖w‖1 ∀w ∈ H1 , ‖A−1
2 (v)‖1 ≤

1

π2(n+ 1)2
‖v‖1 ∀v ∈ N⊥ ∩H1

‖g(w.w)‖1 = 2

√∫ 1

0

(ww′)2 dθ ≤ 2‖w‖F ‖w‖1 ≤ 2 ‖w‖21 .

w ∈ TL = {w ∈ H1[0, 1] : ‖w‖1 ≤ L}.

‖K(v)‖1 = ‖A−1
2 (λv+g2(w.w)−b‖1 ≤

1

π2(n+ 1)2
(
λL+ 2L2 + β

)
,



β = ‖b‖1 ‖K(v)‖1 ≤ L K

TL

1

π2(n+ 1)2
(
λL+ 2L2 + β

)
≤ L

L2 − pL+ q ≤ 0 ,

p = π2(n+1)2−λ
2 , q = β

2 .

K : TL −→ TL

K v1 , v2

‖K(v2)−K(v1)‖1 = ‖A−1
2

(
λ(v2 − v1) +R

(
(u+ v2)

2 − (u+ v1)
2
))

‖1 ≤

≤ 1

π2(n+ 1)2
(λ+ 4L)‖v2 − v1‖1 .

K

γ :=
1

π2(n+ 1)2
(λ+ 4L) < 1 ,

λ+ 4L < π2(n+ 1)2 .

‖u‖1 ≤
L , K(v) := A−1

2 (R(u+ v)2+λ v− b) TL = {v ∈
H1[0, 1] : ‖v‖1 ≤ L}
TL −→ TL

γ

vm+1(u) = K(vm(u))

Φ(u)

‖vm(u)− Φ(u)‖1 ≤ γm D
1− γ

, D =
RL+ β

π2(n+ 1)2
.



V

r = 1 n n ≤ 5

n n ≤ 5





{A,+ , · } A + ·
A

1) α+ β = β + α

2) (α+ β) + γ = α+ (β + γ)

3) ∃0 : 0 + a = a ∀a

4) ∀α ∃ᾱ : α+ ᾱ = 0

5) α · β = β · α
6) (α · β) · γ = α · (β · γ)
7) ∃1 : 1 · a = a ∀a

8) α · (β + γ) = α · β + α · γ

x̄

−x x+ (−y) x− y



(β + γ) · α = β · α + γ · α

α · 1 = α,

A α, β, α · β �= β · α,

A {+ , · } B
A

α− β ∈ B, α · β ∈ B ∀α, β ∈ B.

B A I

α · x ∈ I ∀α ∈ I ∀x ∈ A,

I A

I
A

x ∼ y ⇐⇒ x− y ∈ I.

x ∼ x ∀x, x ∼ y =⇒ y ∼ x

(x ∼ y) ∧ (y ∼ z) =⇒ x ∼ z

mod I
x ≡ y (mod I).

x �≡ y (mod I).



mod I x

[x] A/ I.
A/ I

[x] + [y] = [x+ y], [x] · [y] = [x · y].

x, y

A/ I

A
I a ∀u ∈ I ∃v, u = va

I
a1, . . . , am ∀u ∈ I ∃v1, . . . , vm, u = a1v1 + . . . + amvm

m n

n = m · q q ∈ Z n m

m|n m n

p

±p, ±1

n ∈ Z

n > 1 n

n = p1 · p2 · . . . pl



k|m ∧ k|n =⇒ k|(m+ n)

m|n =⇒ m|nq ∀q ∈ Z

m,n ∈
Z, m �= 0, q, r ∈

0 ≤ r < |m|,

n = mq + r.

q r

n m

n

n = ±pr11 · pr22 · . . . ·rkk ,

p1, . . . , pk p1 < · · · < pk rj ∈ Z, rj > 0 ∀j

qZ = {n ∈ Z : n = q · m, m ∈ Z}
Z qZ Z

Zp := Z/ pZ

p

Z

f =



n∑
j=0

ajx
j x

aj P

f

P f(x) =
n∑

j=0

ajx
j

x α P f(α) =
n∑

j=0

ajα
j

f(α) f

x = α

aj f

P f P

P x

P[x]

α ∈ P f ∈ P[x] f(α) = 0.

f(x) =
n∑

j=0

ajx
j g(x) =

m∑
k=0

bkx
k

f = g aj = bj ∀j an

f(x) =
n∑

j=0

ajx
j n

deg(f)

axk k−
f ≡ a, a �= 0

f = 0 + 0x+ · · ·+ 0xn −∞

m < n bm+j = 0 ∀j > 0



f =
n∑

j=0

ajx
j g =

m∑
k=0

bkx
k

h =

p∑
j=0

cjx
j, p = max{m,n}, cj = aj + bj.

n > m f g g

0xk, m < k ≤ n

x1 x x0

1 x4 + x− 1 = 0x5 + 1x4 + 0x3 + 0x2 + 1x1 + (−1)x0

f g

ϕ =
m+n∑
j=0

djx
j, dj =

j∑
k=0

akbj−k.

deg(fg) = deg(f) + deg(g).

deg(f + g) ≤ max{deg(f), deg(g)}.
P[x] P

P[x]

a · b = 0 a = 0 b = 0

g ∈ P[x] f ∈ P[x]

g|f f = g q, q ∈ P[x]

h|g ∧ g|f =⇒ h|f
h|g ∧ h|f =⇒ h|(g + f)

h|g =⇒ h|gf ∀f ∈ P[x]



f ∈ P[x] α ∈ P q ∈ P[x]

c ∈ P

f = (x− α)q + c.

f(α) = c

q c

f x − α

α f

n > 0

P n

α

r r > 0 f

f = (x− α)rq, q(α) �= 0.

r = 1 α

α1, α2, . . . , αm P

f ∈ P[x]

α1, α2, . . . , αm

f

n > 0

P n

n > 0 C



n > 0 C

n

β1, β2, . . . βm f

f = c(x− β1)
r1(x− β2)

r2 . . . (x− βm)
rm,

rj βj

f, g ∈ P[x]

< n

n

∃α1, α2, . . . , αn ∈ P (αi �= αj, ∀i, j : i �= j) : f(αj) = g(αj) ∀j,

f = g

ϕ = f−g ϕ

n n ϕ(αj) =

0, ∀j

ϕ = 0 f = g

α1, α2, . . . , αn ∈ P β1, β2, . . . βn

f < n

f(αj) = βj, ∀j .

f =
n∑

j=1

βjωj,

ωj

ωj(αk) = δjk ( ).



ωj

ωj = cj(x− α1) . . . (x− αj−1)(x− αj+1) . . . (x− αn),

cj = 1 / (αj − α1) . . . (αj − αj−1)(αj − αj+1) . . . (αj − αn).

f =
n∑

j=1

βj
(x− α1) . . . (x− αj−1)(x− αj+1) . . . (x− αn)

(αj − α1) . . . (αj − αj−1)(αj − αj+1) . . . (αj − αn)
.

deg(ωj) = n− 1 deg(f) < n

f

f, g ∈ P[x], g �= 0,

q, r ∈ P[x], deg(r) < deg(g),

f = q g + r

q r

f g

q, r f(x) =
n∑

j=0

ajx
j

g(x) =
m∑
k=0

bkx
k an �= 0 n < m q = 0, r = f

n ≥ m q1 = an
bm
xn−m

deg(f − g q1) < n f1 = deg(f − g q1) deg(f1) < m

q = q1, r = r1 deg(f1) ≥ m

f f1

q2 deg(f1 − g q2) < deg(f1)

q1, . . . , qp

f1, . . . , fp ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

f = g q1 + f1, deg(f1) < deg(f),

f1 = g q2 + f2, deg(f2) < deg(f1),

. . . . . .

fp−1 = g qp + fp, deg(fp) < deg(fp−1),

deg(fp) < m



fj p

deg(fp) < m

f = g q+r, deg(r) <

m, q = q1 + · · ·+ qp, r = fp.

q, r

q̃, r̃

f = g q̃ + r̃, deg(r̃) < m.

g (q − q̃) + (r − r̃) = 0

g (q − q̃) = (r̃ − r)

deg(r̃ − r) ≤ max{deg(r̃), deg(r)} < deg(g)

deg(g (q − q̃)) ≥ deg(g)

q �= q̃

d �= 0

f, g d = (f, g) d f g

d

f g

d = (f, g)

ϕ, ψ

ϕf + ψg = d.

d d̃ d = cd̃, c = const



⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

f = g q1 + r1, deg(r1) < deg(g),

g = r1 q2 + r2, deg(r2) < deg(r1),

. . . . . .

rn−2 = rn−1 qn + rn, deg(rn) < deg(rn−1),

rn−1 = rn qn+1.

rn

rn

rn−1 rn−2

rn

f, g

f, g

ϕ, ψ

ϕf + ψg = 1.

ϕ, ψ

deg(ϕ) < deg(g), deg(ψ) < deg(f).

ϕ|fg ϕ

g ϕ|f ϕ h = fg

ϕ f g



f1, . . . , fn

g1, . . . , gm f1 · . . . · fn g1 · . . . · gm

f, g ∈ P[x] P

f(α) = 0 =⇒ g(α) �= 0, α ∈ P

ϕ ∈ P[x]

P

P[x]

f = x4 − 2 Q R

C R

f = (x2 + 2
1

2 )(x− 2
1

4 )(x+ 2
1

4 ),

C

f = (x− i2
1

4 )(x+ i2
1

4 )(x− 2
1

4 )(x+ 2
1

4 ).

f ∈ P[x]

P

f = g1 · . . . · gm.

f = ϕ1 · f1, 0 < deg(ϕ1) < deg(f), 0 < deg(f1) < deg(f).

ϕ1, f1



f

f = g1 · . . . · gm f = h1 · . . . · hn

{g1, . . . , gm} {h1, . . . , hn}

g1 · . . . · gm
h gj h

h gj h

gj h gj

f = c hk1
1 · . . . · hkr

r , c ∈ P,

h1, . . . , hr

kj > 0 ∀j

P P[x]

{g1, . . . , gm}
h = 1+g1 · . . . ·gm

g {g1, . . . , gm}
g



P[x]

P

x1, . . . , xn

f =
∑

(k1, ... ,kn)∈K
ak1...knx

k1
1 . . . xknn ,

K Zn
+ = Z+ × · · · × Z+︸ ︷︷ ︸

n

Z+ = {n ∈ Z :

n ≥ 0} n

ϕ = axk11 . . . xknn

k = (k1, . . . , kn), kj ∈ Z+

xk = xk11 . . . xknn

axk
∑
k∈K

akx
k |k| = k1+ · · ·+kn

axk

deg(f) := max{|k| : ak �= 0}∑
k∈K

akx
k

∑
k

akx
k +
∑
k

bkx
k =
∑
k

(ak + bk)x
k,(∑

k

akx
k

)
·
(∑

r

brx
r

)
=
∑
q

cqx
q,

cq =
∑
k+r=q

akbr.

k+r = q kj+rj =

qj ∀j



x1, . . . , xn

P[x1, . . . , xn]

xk xs xk � xs

|k| > |s| |k| = |s| k − s = (0, . . . , 0, r, . . . , l), r > 0

d

f = akx
k + . . . .

asx
s (as �=

0) xk � xs

akx
k bsx

s f g akbsx
k+s

fg

deg(fg) = deg(f) + deg(g), ∀f, g ∈ P[x1, . . . , xn].

P[x1, . . . , xn]

f =
∑
k∈K

akx
k ∈ P[x1, . . . , xn]

f(x1, . . . , xn) ≡ f(xϕ(1), . . . , xϕ(n)) ∀ϕ ∈ Sn

∑
k∈K

akx
k =

∑
k∈K

akx
ϕ(k), ∀ϕ ∈ Sn

Sn

{1, . . . , n}



σ1 = x1 + · · ·+ xn,

σ2 = x1x2 + · · ·+ xn−1xn,

. . . . . .

σn = x1 . . . xn.

f(x1, . . . , xn) = g(σ1(x1, . . . , xn), . . . , σn(x1, . . . , xn))

∀g ∈ P[x1, . . . , xn]

σk

k− x1 . . . xk

akx
k

k k1 ≥ k2 ≥ · · · ≥ kn

f ∈ P[x1, . . . , xn]

g ∈ P[x1, . . . , xn]

f(x1, . . . , xn) = g(σ1(x1, . . . , xn), . . . , σn(x1, . . . , xn)).

Ps[x1, . . . , xn]

Ps[x1, . . . , xn]

V (z), z ∈ C

V (z) = V (e
2π i
n z), ∀z ∈ C

n



{ωj} n−

Ω1(z) =
n−1∏
j=0

(ωj, z), z = x+ iy ∼ (x, y),

Ω2(z) =
n−1∏
j=0

(ω̃j, z), ω̃j = ωj · a, |a| = 1,

a = eiθ,

θ 0 < θ < 2π
n Ωa(z) =

n−1∏
j=0

(aωj, z) Ω1,Ω2

n = 2m n = 2m+ 1

V (z) n−
V (b) = 0 a V (z)

Ωa(z) =
n−1∏
j=0

(aωj, z),

V (z) = Ωa(z) · g(z),

a

V (b) = 0 a = eiθ

ωa ⊥ b (ωa, b) = 0 b

(ωa, z)

Ωa(z) =
n−1∏
j=0

(aωj, z)

V (z)

Ω(z) =
n−1∏
j=0

(bωj, z)

α β

Ω(z) ≡ αΩ1(z) + βΩ2(z).



b = 1 Ω(z) = Ω1(z) b = a Ω(z) =

Ω2(z) b �= 1 b �= a b∗

Ω1(b
∗) �= 0 Ω2(b

∗) � = 0 Ω(b∗) = 0 α̃ = 1 β̃ = −Ω1(b
∗)

Ω2(b∗)

α̃Ω1(b
∗) + β̃Ω2(b

∗) = 0.

Ω̃(z) = α̃Ω1(z) + β̃Ω2(z).

Ω̃(z) Ω̃(Ωz) = Ω̃(z) ∀z Ω̃(b∗) = 0

3.1 Ω̃(z) = cΩ(z). α = α̃/c β = β̃/c

Ω(z) ≡ αΩ1(z) + βΩ2(z).

n = 2m + 1

I0 = x2 + y2 = |z|2, z = (x, y).

I1 =
n∏

k=1

(ωk, z), ω = eiϕ.

I2 = I1(az), a = ωk, ∀k, |a| = 1, ωk = ei
2π
n
k.

I0(ωz) = (ωx, ωy) = (ωω̄x, y) = (x, y) = I0(z);

I1(ωz) =
n∏

b=1

(ωb, zω) =
n∏

b=1

(ωbω̄, z) =

=
n∏

b=1

(ωb−1, z) =
n−1∏
j=0

(ωj, z) = I1(z);

I2(zω) =
n∏

b=1

(ωb, ωaz) =



=
n∏

b=1

(ωb−1, az) =
n−1∏
j=1

(ωj, az) = I2(z).

I0, I1, I2

I0, I1, I2

V (z) I0, I1, I2

W (t0, t1, t2)

V (z) = W (I0(z), I1(z), I2(z)).

V (z) = W (I0(z), I1(z), I2(z))

V (k)(z) =
k∑

q=0

akqx
qyk−q.

V (k)(z) k < n k k = 2r

V (k)(z) − λIr0(z) = W (z) deg V (k)(z) = 2r

deg Ir0(z) = 2r r degW (z) = 2r

a �= 0 λ

W (a) = 0 deg W < n

W ≡ 0

V (k)(z) = λ · Ir0(z).

V (k)(z) k = 2m+ 1

b V (b) = 0 I1(b) = 0 c1

V (z) = c1I1(z)

V (b) = 0 I2(b) = 0 c2 V (z) = c2I2(z)

V (b) �= 0 I1(b) �= 0 I2(b) = 0 α

V (b) + αI1(b) = 0.



V (z)+αI1(z) = cI2(z)

V (z) = cI2(z)− αI1(z).

V (k)(z) k > n k k = 2r ∀b
α

V (k)(b)− αIr0(b) = 0,

b I1(z) V (k)(z) − αI
(r)
0 (z) = I1(z)W (z)

deg W (z) < k. W (z)

k b V (b) =

0 V (k)(z)

Ωa(x, y) =
n∏

k=1

(aωk, z).

V (k)(z) = Ωa(z) ·W (z),

Ωa(z) =
n∏

k=1

(aωk, z)

Ω(z) ≡ αI1(z) + βI2(z),

deg W (z) < k V (k)(z) V (k)(z)

V (z) = W (I0(z), I1(z), I2(z)).

I0, I1, I2

I0, I1, I2 n = 3

I0 = x2 + y2

I1 =
3∏

k=1

(ωk, z), ω = ci2π/3, ωk = eik2π/3



I1 = (ω1, z) · (ω2, z) · (ω3, z)

ω1 = ei2π/3 = cos 2π/3 + i sin 2π/3 = −1/2 + i
√
3/2

(ω1, z) = −x/2 +
√
3y/2

ω2 = ei4π/3 = −1/2−
√
3i/2; (ω2, z) = −x/2− y

√
3/2.

ω3 = 1, (ω3, z) = x.

I1 = (−x/2 + y
√
3/2) · (−x/2−

√
3y/2) · x = x/4 · (x2 − 3y2)

I2 = y · (−x+ y
√
3) · (−x− y

√
3) = y · (x2 − 3y2)

I0 = x2 + y2, I1 = x/4 · (x2)− 3y2,

I2 = y · (x2 − 3y2).

n = 2m

I1(z) =
m∏
k=1

(ωk, z), ωm = −1,

ω

I1(z) I1(ωz) = −I1(z)

I1(ωz) = (ω, ωz) · (ω2, ωz), . . . , (ωm, ωz) =

= (ωω̄, z) · (ω2ω̄z) . . . (ωmω̄, z) =

= (1, z) · (ω, z) . . . (ωm−1, z) = −(−1, z) · (ω, z) . . . (ωm−1, z) =

= (−ω, z) . . . (ωm−1, z) · (ωm, z) = −I1(z).

I1(ωz) = −I1(z).

I2(z) = I1(az), a = eiθ, 0 < θ < π/n I2(z)



I2(ωz) = −I2(z).

I2(ωz) = I1(ωaz) = (ω, ωaz) · (ω2, ωaz) . . . (ωm, ωaz) =

= (ωω̄, az) · (ωmω̄, az) = (1, az) · (ω, az) . . . (ωm−1, az) =

= −(ω, az) . . . (ωm−1, az) · (ωm, az) = −I1(az) = −I2(z).

I2(z)

I2
1(z), I2

2(z), I1(z) · I2(z),

I1 = I2
1(z), I2 = I2(z) · I1(z).

I0, I1, I2

V (z) = W (I0(z), I1(z)I2(z)) V (z)

W (z)

V (k)(z) =
k∑

q=0

akqx
qyk−q.

V (k)(z) k < n k

k = 2r

V (k)(z)− λI
(r)
0 (z) = W (z).

a �= 0 λ W (a) = 0

W (a) = 0 deg W < n

W ≡ 0 V (k)(z) = const · I(r)0 (z)

V (k)(z) k = 2m b V (b) = 0

V (k)(z)

Ωa(x, y) =
n∏

k=1

(aωk, z),



V (k)(z) = I(z) ·W (z),

I(z) = c1I1 + c2I2.

I(z) W (z)

deg W = deg V −m = m.

V (z) = W (I0(z), I1(z), I2(z)).

V (k)(z) k > n k k = 2r

b α

V (k)(b)− αI
(r)
0 (b) = 0.

V (k)(z)− αI
(r)
0 (z) = I1(z) ·W (z).

degW (z) < k.

k b V (b) = 0

V (k)(z) = I(z) ·W (z),

I(z) = c1I1(z) + c2I2(z).

I(z),W (z) deg W (z) < k W (z)

V (k)(z)

V (z) = W (I0(z), I1(z), I2(z)).



R[[ξ1, . . . , ξn]]

∑
k∈Zn

+

ak ξ
k

ak k = (k1, . . . , kn)

∑
k

akξ
k +
∑
k

bkξ
k =
∑
k

ckξ
k, ck = ak + bk,(∑

k

akξ
k

)
·
(∑

r

brξ
r

)
=
∑
m

dmξ
m,

dm =
∑

k+r=m

akbr.

R[[ξ1, . . . , ξn]]

M := 〈ξ1, . . . , ξn〉
R[[ξ1, . . . , ξn]]

f : Rn −→ Rn R[[ξ1, . . . , ξn]]

A(f)

fj =
∑

k∈Zn
+

ajkξ
k . Q(f)

R[[ξ1, . . . , ξn]] A(f)

f



Rn

z = V (ξ1, . . . ξn) ξ1, . . . ξn ∈ R

η ∈ R

a Rn ∂p1+···+pn V
∂ξ

p1
1 ...∂ξpnn

(a)

r = p1 + · · ·+ pn

f :
(
ξ1, . . . , ξn)


 
−→ (f1(ξ1, . . . , ξn), . . . , fn(ξ1, . . . ξn)
)


fk(ξ1, . . . ξn) ∀k
f : Rn −→ Rn

x = (ξ1, . . . , ξn)

 Rn y = (η1, . . . , ηn)




ηk = fk(ξ1, . . . ξn) ∀k. a ∈ Rn

f J(f)(a) a

a

ϕ : Rn −→ Rn

O U Rn

ϕ : O −→ U
ϕ−1 : U −→ O

ϕ O U

ϕ

O U a b = ϕ(a)

ξ Rn

ξ =

(ξ1, . . . , ξn)
�



O,U ϕ

a

ϕ : O −→ U
a ∈ O

ϕ : O −→ U , ϕ(x, y) = (x2 − y2, 2xy), O = U = R2 \ 0

ϕ

ϕ : O −→ U
a J(ϕ)

J(ϕ)(a) �= 0

a O
U a b = f(a) f O U

f−1 : U −→ O
f

a

n = 2



Σ

(
∂f(t, s)

∂s
,
1

i

∂f(t, s)

∂t

)
= 0.

s− z = fs(t) := f(t, s)

f : (s, t) 
→ f1(s, t)+ if2(s, t)

s

t

s



f

f :

M −→ R2 M

M

∂f(M)

f(ξ, λ) = 0

f : Rn × Rm −→ Rn

f(0, 0) = 0 det ∂f
∂ξ (0, 0) �= 0

ψ : U −→ Rn

U Rm ψ(0) = 0

f(ψ(λ), λ) = 0 ∀λ ∈ U ψ

f(·, 0)
ξ = 0 f(ξ, 0) = 0

f(ξ, λ) = 0

f(ξ, λ) = f(·, 0) + λH(ξ, λ)

f(·, 0) ξ = 0 f(ξ, 0) = 0

f(ξ, λ) = 0



R[[ξ1, . . . , ξn]] ∑
k akξ

k ak k =

(k1, . . . , kn) ∈ Zn
+ k

∑
k

akξ
k +
∑
k

bkξ
k =
∑
k

ckξ
k, ck = ak + bk,

(∑
k

akξ
k

)
·
(∑

k

bkξ
k

)
=
∑
k

dkξ
k,

dk =
∑

p+q=k

apbq.

R[[ξ1, . . . , ξn]]

Z R[x]

x

n = 2. F : R2 −→ R2

R[[ξ1, ξ2]]



F̂1 =
∑
p,q

ap,qξ
p
1ξ

q
2, ap,q =

1

p!q!

∂p+qF1

∂ξp1∂ξ
q
2

(0),

F̂2 =
∑
p,q

bp,qξ
p
1ξ

q
2, bp,q =

1

p!q!

∂p+qF2

∂ξp1∂ξ
q
2

(0).

� R[[ξ1, ξ2]]

aF̂1+bF̂2 a, b

� R[[ξ1, ξ2]]

Q = R[[ξ1, ξ2]]/�

F

F μ(F , 0)

α = (α1, α2) μ(F , α)

R[[ξ1 − α1, ξ2 − α2]]

η1 = ξ1 − α1, η2 = ξ1 − α2

2 3

Q

F

2− 3−

4



4−

(x, y4 + xy2), (x2, y2), (x2 − y2, xy).

(x2, y2)

(x2 + y2, xy)

4−

R[[ξ1, . . . , ξn]]

ξ1, . . . , ξn f : Rn −→ Rn

� R[[ξ1, . . . , ξn]]

Q = R[[ξ1, . . . , ξn]]/�

f

f μ(f, 0)

a = (α1, . . . , αn) μ(f, a)

R[[ξ1 − α1, . . . , ξn − αn]]

η1 = ξ1 − α1, . . . , ηn = ξn − αn

Σ(O) f(x, λ) = o x ∈
O λ = λ̄

O x̄

f(x̄, λ̄) = 0, codim Im
∂f

∂x
(x̄, λ̄) > 0



Σ̃(O)λ̄ Σ(O) λ̄

Σ(x̄, λ̄) =
⋂

O:x̄∈O
Σ̃(O)λ̄

f(x, λ) = 0, x ∈ O
(x̄, λ̄)

ϕ : O → U
a ∈ O

f(0) = g(0) = 0 f g V

C∞ ϕ :

(Rn, 0) → (Rn, 0)

Rn Rn C∞

A : (Rn, 0) → (GL(n), ·) g(x) = A(x)f(ϕ(x))

x

A ϕ

θ(0) = ρ(0) = 0 θ ρ V

C∞

ϕ : (Rn, 0) → (Rn, 0)

c∞

A : (Rn, 0) → (GL(n), ·)

ρ(ξ) = A(ξ)θ(ϕ(ξ))

ξ

A ϕ

E(Rn,Rn) (Rn, 0) → (Rn, 0)

M(Rn,Rn) = {θ̃ ∈ E(Rn,Rn)|θ(0) = 0}, U(θ̃) E(Rn) E(Rn,Rn)



E(Rn) = E(Rn,R)

H(ξ)θ(ξ) +
∂θ

∂ξ
(ξ)h(ξ),

H̃ ∈ E(Rn, L(Rn,Rn)), h̃ ∈ E(Rn,Rn)

E(Rn,Rn)

(Ã, ϕ̃) θ(ξ) → A(ξ)θ(ϕ(ξ))

Q(θ, 0) = E(Rn,Rn)/U(θ̃)

T (θ, 0) = dimQ(θ, 0)

θ

g̃1, . . . , g̃T

Q(θ, 0)

θ(ξ, λ) = θ(ξ) +
T∑
j=1

λj gj(ξ)

(0, 0) ∈ Rn × RT

θ

θ

R2 R2



E
R2

A E
V1, . . . , Vm : A =< V1, . . . , Vm > .

Ã A A [A,A]

[A,A]

[u, v] :=
∂u

∂x

∂v

∂y
− ∂v

∂x

∂u

∂y
, u, v ∈ A

u, v ∈ A

rk(A) A

L(A) := span ({gradV(0, 0)})

R2 crk(A) := 2− rk(A) A =< V1, . . . , Vm >

rk(A) = rk (A) ,

A Vj

Vj

A
1 = Ã, A

2 = Ã1, . . . . , A
k+1 = Ãk, . . .

r1 = crk(A), r2 = crk(A1), r3 = crk(A2), . . . , rk+1 = crk(Ak), . . .

A

r1 ≥ r2 ≥ . . . ≥ rk+1 ≥ . . .

f : R2 −→ R2

Σ1, ... ,1,0 k

r1 = . . . rk = 1, rk+1 = 0.

< x, y2 > < x, y3 > < x, y4 >

Σ1,0 Σ1,1,0 Σ1,1,1,0

rk+1 = 0 Σ1, ... ,1



f : R2 −→ R2 f = (f1, f2) f1(0) = f2(0) = 0

grad f1(0) �= 0.

f Σ1

[f1, f2] = 0 (Σ1)

grad f1(0) ‖ grad f2(0).

f Σ1,1

[f1, f2] = [f1, [f1, f2]] = 0. (Σ1,1)

f Σ1,1,0

[f1, [f1, [f1, f2]]] �= 0

Σ1,1

f Σ1,1,1

[f1, f2] = [f1, [f1, f2]] = [f1, [f1, [f1, f2]]] = 0. (Σ1,1,1)

f Σ1,1,1,0

[f1, [f1, [f1, [f1, f2]]]] �= 0

Σ1,1,1



β : R −→ R, β(s) = f2(ψ(s)),

ψ(s)

ẋ1 = − ∂f1
∂x2

,

ẋ2 = ∂f1
∂x1

.

}

x = ψ(s)

f1(x) = 0.

f

β

dk β

dsk
= j(k+1) ∀k ∈ N,

j(k+1) = [f1, j
(k)]

β̇(s) =
d

ds
(f2(ψ(s)) =

(
grad f2(ψ(s)), ψ̇(s)

)
=

=
(
grad f2(ψ(s)), ψ̇(s)

)
= (grad f2(ψ(s)), sgrad f1(ψ(s))) = [f1, f2](ψ(s))

d

ds

(
j(k)(ψ(s))

)
=
(
grad j(k)(ψ(s)), ψ̇(s)

)
=

=
(
grad j(k)(ψ(s)), sgrad f1(ψ(s))

)
= [f1, j

(k)](ψ(s)) = j(k+1)(ψ(s)).



E Rn
A

E Ṽ1, . . . , Ṽm

V1(ξ), . . . , Vm(ξ) : A =< V1, . . . , Vm > . rkA

A J(ξ)

V1, . . . , Vm

crkA := n− rkA = crk J

r = rkA B(A) A

r+1

J(ξ) A

A

A ⊆ B(A) ⊆ · · · ⊆ Bp(A) ⊆ . . .

Bq+1(A) := B(Bq(A))

r ≥ r1 ≥ . . . rp ≥ . . . , rq = crkBq(A)

A

A f : Rn −→ Rn

f

f



f r

f(ξ) = (ξ1, . . . , ξr, fr+1(ξ), . . . , fn(ξ)) ,

f

g : Rq −→ Rq q = n− r gk(η) := fr+k(0, . . . , 0, η1, . . . , ηq)

a ∈ Rn V

∂V

∂ξj
(a) = 0 ∀j.

Rn V

{V =

c} Rn V (x) = c

n = 2

V (x) = c

a V (a) = c O

O

z = f(x) z = g(x)

ϕ : (x) 
−→ ϕ(x)

{f = c} {g = c} ∀c



a V, V (a) = 0

ϕ a

ϕ(a) = 0

V (ϕ−1(x)) = ξ1

a

a
∂
∂ξ1

V (a) �= 0 ψ : x 
→ (V (x), ξ2, . . . ξn) x =

(ξ1, ξ2, . . . ξn)

J(a) := det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

∂V
∂ξ1

(a) ∂V
∂ξ2

(a) ∂V
∂ξ3

(a) . . . ∂V
∂ξn

(a)

0 1 0 . . . 0

0 0 1 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

∂V

∂ξ1
(a) �= 0.

ψ a ψ(a) = 0

V (ψ−1(x)) = ξ1

a V

h

h(a) = 0

a

V, V (a) = 0 ϕ

a ϕ(a) = 0

V (ϕ−1(x)) =
n∑

k=1

σkξ
2
k , |σj| = 1 ∀j.

h(a) := detH(a) H(a) :=
(

∂2V
∂ξj∂ξk

(a)
)
.



V

cd(V, a) a

V

cd(V, a) = μ(V, a) − 1



a = (α1, . . . , αn) ∈ Rn

V (x) μ(V, a)

μ(V, a) = dimQ(V, a), Q(V, a) = R[[ξ1 − α1, . . . , ξn − αn]]

/
�,

� =

〈
∂V

∂ξ1
, . . . ,

∂V

∂ξn

〉
〈f1, . . . , fn〉

R[[ξ1 − α1, . . . , ξn − αn]] fk

a
〈

∂V
∂ξ1

, . . . , ∂V
∂ξn

〉
V

V, V (a) = 0, a 2−

n−1∑
k=1

σkξ
2
k + ξ3n , |σj| = 1 ∀j.

V a 3−

n−1∑
k=1

σkξ
2
k + σnξ

4
n , |σj| = 1 ∀j.



n−1∑
k=1

σkξ
2
k + ξ5n , |σj| = 1 ∀j,

n−2∑
k=1

σkξ
2
k + ξ3n−1 + ξ3n , |σj| = 1 ∀j

n−2∑
k=1

σkξ
2
k + ξ3n−1 + ξn−1ξ

2
n , |σj| = 1 ∀j),

n−2∑
k=1

σkξ
2
k + ξ3n−1 − ξn−1ξ

2
n , |σj| = 1 ∀j),

V (x) a

= r ≥ 3 r

V, V (a) = 0, a μ



n−1∑
k=1

σkξ
2
k + σnξ

μ+1
n , |σj| = 1 ∀j,

V (t, x1, . . . , xn)

R × Rn V (0, x1, . . . , xn) = 0 ∀(x1, . . . , xn) ∈ Rn

W (t, x1, . . . , xn) R× Rn

V (t, x1, . . . , xn) = tW (t, x1, . . . , xn) ∀(t, x1, . . . , xn) ∈ R× Rn.

V (t, x1, . . . , xn) =

1∫
0

∂

∂s
V (st, x1, . . . , xn)ds =

t

1∫
0

∂V

∂t
(st, x1, . . . , xn)ds = tW (t, x1, . . . , xn),

W (t, x1, . . . , xn) =

1∫
0

∂V

∂t
(st, x1, . . . , xn)ds.

W

W

W (0, x1, . . . , xn) =
∂V

∂t
(0, x1, . . . , xn).

V (t, x1, . . . , xn) R × Rn

V (0, x1, . . . , xn) =
∂V

∂t
(0, x1, . . . , xn) = 0



∀(x1, . . . , xn) ∈ Rn.

U(t, x1, . . . , xn) R×Rn

V (t, x1, . . . , xn) = t2U(t, x1, . . . , xn) ∀(t, x1, . . . , xn) ∈ R× Rn.

2−

U

U(0, x1, . . . , xn) =
1

2

∂2V

∂t2
(0, x1, . . . , xn).

V (t, x1, . . . , xn) R× Rn

∂V

∂t
(0, 0, . . . , 0) = 0,

∂2V

∂t2
(0, 0, . . . , 0) �= 0.

(x1, . . . , xn)

t 
→ s

W

±s2 +H(x1, . . . , xn).

f(x1, . . . , xn)

∂V

∂t
(f(x1, . . . , xn), x1, . . . , xn) = 0, f(0, . . . , 0) = 0.

t = τ + f(x1, . . . , xn)

W (τ, x1, . . . , xn) = V (τ + f(x1, . . . , xn), x1, . . . , xn),

∂W
∂τ (0, x1, . . . , xn) = 0.

U(τ, x1, . . . , xn) = W (τ, x1, . . . , xn)−W (0, x1, . . . , xn),



U(0, x1, . . . , xn) = 0

U(τ, x1, . . . , xn) = τ 2R(τ, x1, . . . , xn).

s = τ
√
|R(τ, x1, . . . , xn)|

U(τ, x1, . . . , xn) = ±s2

V (t, x1, . . . , xn) = ±s2 +H(x1, . . . , xn),

H(x1, . . . , xn) = W (0, x1, . . . , xn) = V (f(x1, . . . , xn), x1, . . . , xn).

V ±x2 +H(y) μ(V, 0) =

r H(y) = yr+1g(y), g(0) �= 0

u = y|g(y)| 1

r+1

V = ±(x2 ± ur+1)

r = 1

G−
G



V

V (z) = V (e
2π i
n z) ∀z ∈ C

n

V (z) = W (I0(z), I1(z), I2(z)) ∀z ∈ C,

I0 = x2 + y2 = |z|2, z = (x, y).

I1 =
n∏

k=1

(ωk, z), ω = eiϕ.

I2 = I1(az), a = ωk, ∀k, |a| = 1, ωk = ei
2π
n
k,

ω = e
2π
n .

W

I0, I1, I2

V (z)

{Vϕ(z)}ϕ∈Diff ,

Diff

Vϕ(z) = V (ϕ(z))

Diff



O(V ) ⊂ R[[x, y]]

Vϕ(z) = V (ϕ(z))

TV

h(z) =
d

dε
V (z + εH(z))|ε=0 = (gradV (z), H(z))

H C

TV

R[[x, y]] TV R[[x, y]]

V

V

TV

R[[x, y]] V



V

V λ−
U(z, λ), U(z, 0) = V (z)

C λ ∈ U U Rm

U(z, λ) V (x)
∂U
∂λk

(z, 0) λk

λ k = 1, 2, . . . ,m

V

{
∂U
∂λk

(z, 0), k = 1, 2, . . . ,m
}

U(z, λ) V (x)

V



V (z) +

μ∑
i=1

λkωk(z),

{ωk(z)} V

{ωk(z)}

x3 + y2 + λ1x+ λ0, x4 + y2 + λ2x
2 + λ1x+ λ0,

x5 + y2 + λ3x
3 + λ2x

2 + λ1x+ λ0,

x3 ± xy2 + λ3x
2 + λ2y + λ1x+ λ0.

Diff×Rμ R[[ξ1, . . . , ξn]]

(ϕ, λ) 
−→ V̂ϕ(z) +

μ∑
k=1

λkωk(z),

V̂ϕ(z) Vϕ(z) := V (ϕ(z))

R[[ξ1, . . . , ξn]]

W (z, ν)

V

W (z, ν) = V (ϕ(z, ν), λ(ν)),



ϕ(·, ν)
λ(ν)

ν

ϕ(·, ν) λ(ν)

V

λ Λ ⊂ Rμ

U ⊂ C

Σ

λ V (·, λ) U
D λ

V (·, λ) U
Δ λ

V (·, λ)



x3 + y2 +

λx, x4+ y2+λ2x
2+λ1x, x5+ y2+λ3x

3+λ2x
2+λ1x, x3±xy2+λ3x

2+

λ2y + λ1x.

2 3

Q

F

2− 3−
4



4− (x, y4+xy2), (x2, y2), (x2−y2, xy).

(x2, y2) (x2 + y2, xy)

4−

V = x4 − δx2 + εx

V ′ = V ′′ = 0

4x3 − 2δx+ ε = 6x2 − δ = 0.

δ = 6t2, ε = 8t3.



V = x5 + δ3x
3 + δ2x

2 + δ1x

(t1, t2, t3)

 
−→ (t1, t2, 5t

4
3 + 3t2t

2
3 + 2t1t3)


.

δ3 = const

δ3



δ3 = c δ1 = 3cs2+15s4, δ2 = −3cs− 10s3 .

x4 + 2 a x2 y2 + y4 + q1 x
2y + q2 xy

2 + δ1 x
2 + δ2 y

2 + 2 δ3 x y + ε1 x+ ε2 y,

qi, δj, εk a > −1 , a �= 1

x4 + 2 a x2 y2 + y4







W

M a ∈ M m



a W∑
i,j,k,l

αijklxixjxkxl + o(‖x‖4) +
∑
r

σry
2
r ,

x = (x1, . . . , xm), y = (y1, . . . , yn−m), |σr| = 1,

Cm

W (4)

W (4) M = Rm, a = 0,

W W (4)

W

W (4)(ξ) = lim
t→0

t−4W

(
t

m∑
j=1

ξjej

)
,

e1, . . . , em W

W

3m

W (4) W

W (ξ, λ) = const+
1

2

m∑
j=1

αj(δ)ξ
2
j +W

(4)
R (ξ) +O(|λ|)O(|ξ|4) +O(|ξ|6) ,

W
(4)
R (ξ) =

m∑
k=1

V
(4)
0 (ek)ξ

4
k + 6

∑
1≤i<j≤m

V (4)
0 (ei, ei, ej, ej)ξ

2
i ξ

2
j ,

V (4)
0 (x, y, z, t) 4−

V
(4)
0 (x) = V (4)

0 (x, x, x, x) .



n = 3

3∑
k=1

ξ4k +
∑

1≤i<j≤3

bi,jξ
2
i ξ

2
j ,







3
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